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1 Special Relativity

1.1 Need for Relativity: Failure of Newtonian Mechanics at
Extreme Conditions

(Classical Newtonian mechanics, while highly successful in describing everyday phenom-
ena, fails under extreme conditions:

e High Velocities (Approaching the Speed of Light)
— Newton’s laws assume absolute time and space, independent of the observer’s

motion.

— At speeds approaching the speed of light (¢ &~ 3 x 108 m/s), Galilean relativity
breaks down.

— Maxwell’s equations predict electromagnetic waves travel at speed ¢, conflict-
ing with Newtonian mechanics.

— The Michelson-Morley experiment (1887) showed no detectable ”aether wind,”
contradicting the Newtonian notion of a preferred reference frame.

e Strong Gravitational Fields

— Newtonian gravity assumes instantaneous force propagation, incompatible with
relativity.

— General Relativity later resolved this by describing gravity as spacetime cur-
vature.

1.2 Postulates of Special Relativity
Einstein resolved these issues with two postulates:

1. Principle of Relativity: The laws of physics are the same in all inertial reference
frames.

2. Invariance of the Speed of Light: The speed of light in vacuum (¢) is constant
and independent of the motion of the source or observer.

1.3 Lorentz Transformations

The Lorentz transformations relate space and time coordinates between two inertial
frames moving at relative velocity v along the z-axis:

v (t va:)
- /y 02 )
' =~(x —ot),
v =y,
7 =z,
where v = —L— is the Lorentz factor.
-2
These transformations preserve the spacetime interval ds? = —c2dt? + da? + dy? + dz>

and ensure ¢ remains constant in all frames.



1.4 Minkowski Space and Spacetime Diagrams

Special relativity unifies space and time into a single four-dimensional structure called
spacetime. This was formalized by Hermann Minkowski, who showed that time should
be treated as a fourth coordinate.

In Minkowski space:

e Events are represented as points with coordinates (ct, x,y, 2).

e The spacetime interval between two events is given by:

2 22 g2y,

2
e This interval is invariant under Lorentz transformations — all observers agree on
its value.

Based on the sign of s2, the interval is classified as:

e Timelike (s?> > 0): Events can influence each other causally.

e Lightlike or null (s?> = 0): Events connected by light signals.

e Spacelike (s < 0): No causal connection; information cannot travel fast enough.

Spacetime diagrams are 2D plots (typically ct vs. z) that visually represent events,
worldlines of particles, and the structure of light cones:

e The line z = ¢t and x = —ct form the boundaries of the light cone.

e Worldlines inside the light cone represent possible paths of particles traveling slower
than light.

e Worldlines outside the cone would require faster-than-light motion, which is forbid-
den.

Minkowski space makes the geometry of special relativity intuitive and helps visualize
phenomena like simultaneity and time dilation.

1.5 Causality and the Relativity of Simultaneity

Causality is the principle that a cause must precede its effect. In special relativity,
preserving causality means that no information or influence can travel faster than the
speed of light.

Events that are timelike separated can be causally connected — one can influence
the other — because there is enough time for a light signal (or slower) to travel between
them. Events that are spacelike separated cannot be causally connected since doing so
would require faster-than-light transmission, violating special relativity.

Relativity of simultaneity is the idea that simultaneity is not absolute. Two events
that are simultaneous in one inertial frame may not be simultaneous in another. This
arises directly from the Lorentz transformations.

e Suppose two events occur at the same time ¢ but different positions x; and x5 in
one frame.



e In another frame moving at velocity v, the time difference becomes:
;o vAx

e If At =0, then At = —7”@“” = 0, meaning the events are no longer simultaneous.

This has deep implications:
e There is no universal “now” that all observers agree on.

e Time ordering of spacelike-separated events depends on the observer’s frame of
reference.

Despite this, causality is always preserved — if one event can influence another, all
observers will agree on which came first.

1.6 Time Dilation and Length Contraction

Special relativity predicts that time and length are not absolute — they depend on the
motion of the observer. Two key consequences are:

Time Dilation

A moving clock ticks more slowly compared to one at rest. If a time interval Aty is
measured in the clock’s own rest frame (called proper time), then an observer moving at
speed v relative to the clock measures:

1
02
V' @

This effect has been experimentally confirmed, such as by observing muons created
in the upper atmosphere surviving longer than expected due to their high speeds.

At = yAty, where -~ =

Length Contraction

Objects moving relative to an observer appear shorter along the direction of motion. If
Ly is the proper length (measured in the object’s rest frame), then the length measured
by an observer for whom the object is moving at speed v is:

g

Only lengths along the direction of motion are affected; transverse dimensions remain
unchanged. This effect becomes significant at speeds close to the speed of light.

Both phenomena arise directly from the Lorentz transformations and are not illusions
— they reflect the geometry of spacetime itself.

L



1.7 Invariant Interval and Lorentz Group

In special relativity, the concept of distance is generalized to four-dimensional space-
time through the invariant interval. For two events with coordinates (t,z,y,2) and
(¢',2',y',2"), the spacetime interval s? is defined as:

Rt L s L V) L

This interval is invariant under Lorentz transformations, meaning all inertial observers
agree on its value. It replaces the idea of absolute time and space with a unified spacetime
structure.

e If s2 > 0, the interval is timelike — events can be causally connected.
e If s2 = 0, the interval is lightlike — events are connected by a light signal.

e If s2 < 0, the interval is spacelike — no causal influence is possible.

The Lorentz Group

The set of all transformations that preserve the invariant interval forms the Lorentz
group, denoted O(1,3). These include:

e Boosts (transformations between frames moving at constant velocity)
e Rotations in 3D space
e Reflections and time reversal (in the full group)

The subgroup that preserves orientation and the direction of time is called the proper
orthochronous Lorentz group, denoted SO™(1,3). Lorentz transformations can be
represented by matrices A satisfying:

Aua Ayﬁ N = Nap
where 7, = diag(1, —1, —1, —1) is the Minkowski metric.
This formalism ensures that the laws of physics — especially Maxwell’s equations and
the spacetime structure — remain form-invariant under all inertial frames.

1.8 Proper Time

Proper time 7 is the time measured by a clock that moves along with the particle —
i.e., in the particle’s rest frame. It is an invariant quantity and plays a fundamental role
in relativistic dynamics.

For an infinitesimal displacement in spacetime:

1 1
dr = -Vds? = \/dt2 — —(da? + dy? + dz?)
c c
If the particle moves with velocity v, then:

v dt
¢ v
This makes proper time the natural parameter along a particle’s worldline, analogous
to arc length in geometry.



1.9 4-Velocity

The 4-velocity U* is the rate of change of the spacetime position x* with respect to

proper time 7:
dxt
Ut = —=~(c, ¥
- =7(c7)
Here, ¥ is the 3-velocity and v = ﬁ
Properties:

e It transforms as a 4-vector under Lorentz transformations.
e Its Minkowski norm is invariant:

Utu, = c*

1.10 4-Momentum

The 4-momentum P* is defined as:
PF =mU" = (ymce, ym)

This generalizes the classical momentum and energy into a single 4-vector. Its com-
ponents are:
o P’ = ymec — total energy divided by ¢: E = ymc?

e P = ~ymu — relativistic 3-momentum

The Minkowski norm of 4-momentum gives the rest mass:
P'P, = E?/? — |P]? = m2&
This relation,
E? = 2@ + m2c,
is the cornerstone of relativistic particle physics and holds for both massive and massless
particles.

1.11 Relativistic Form of Newton’s Laws
In special relativity, Newton’s second law is written using 4-vectors as:

dPH
htal— /7
dr

where P* = mU" is the 4-momentum, 7 is proper time, and F* is the 4-force.
The spatial components of F'* relate to the classical 3-force f via:

F“=<7f4ﬁa’ﬁj

This ensures the spatial components match the Newtonian form in frame S:

dp

L7
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and the temporal component becomes:

Using P*P, = m?c?, we can derive:

d dP, dE )

which gives the energy-work relation.

1.12 Relativistic Electromagnetic Force

In relativistic electrodynamics, the equation of motion for a particle of charge ¢ is:

dPH
> QGMV Y
dr c

where G* is the electromagnetic field strength tensor:

0 E, E, E,
E, 0 cB, —cB,
E, —cB, 0 cB,
E, c¢B, —cB, 0

The spatial part of this equation recovers the Lorentz force law:

G =

47 - B}
d—f:q(EJar B)

and the temporal part gives the power delivered:

dE —
@ _B.©
aw Y

1.13 Acceleration and the Rindler Horizon

In special relativity, describing accelerated motion is subtler than in Newtonian mechan-
ics, since uniform acceleration in one frame does not generally translate the same way in
another. The most natural concept is proper acceleration — the acceleration measured by
an accelerometer moving with the object. It is invariant under Lorentz transformations
and physically meaningful to the accelerated observer.

Hyperbolic Trajectories and Proper Acceleration

A particle experiencing constant proper acceleration a in flat spacetime traces a hyper-
bolic worldline in Minkowski space. Assuming motion in the z-direction, the trajectory
as a function of proper time 7 is:

2

2 aT C aT

z(7) = %cosh (?> ., t(r) = —sinh <_)

a C
2\ 2
C
$2—62t2: =
a

indicating motion along a hyperbola. The proper acceleration remains constant in the
co-moving instantaneous rest frame, even though coordinate acceleration decreases over
time.

This satisfies the invariant:



Rindler Coordinates and Observers

To describe the reference frame of an observer undergoing constant acceleration, we in-
troduce Rindler coordinates (n, &), related to Minkowski coordinates (¢, x) via:

xr = £ cosh (%) , t=¢&sinh <CL_C77>

Here, £ is a spatial coordinate labeling the observer’s position in the accelerated frame,
and 7 plays the role of time for Rindler observers. The Minkowski metric transforms into:

ds® = —a*€2dn® + d&* + dy® + d2*

This metric shows that Rindler observers are in a non-inertial frame and experience a
horizon at & = 0, where proper acceleration diverges.

Rindler Horizon and Causality

The Rindler horizon is a boundary in spacetime beyond which events cannot influence
an accelerating observer. It arises naturally from the coordinate transformation: the
accelerated observer’s worldline asymptotically approaches the line x = ct, but never
crosses it.

This leads to a causal structure similar to a black hole horizon. From the perspective
of the accelerated observer, signals from beyond z = ¢t (for right-moving observers) are
forever unreachable.

Figure 1: Spacetime diagram showing hyperbolic worldlines and the Rindler horizon.

Figure 2: Spacetime diagram showing hyperbolic worldlines and the Rindler horizon.

The Rindler horizon is not a physical barrier, but a limit on information accessibility
due to the observer’s accelerated frame. This concept is foundational in discussions of
relativistic thermodynamics and the Unruh effect.



1.14 Raising and Lowering Indices

In special relativity, we often work with 4-vectors X* = (ct,x,y, z) and other tensors.
Unlike in Euclidean space, the **Minkowski metric** n,, = diag(+1,—1,—1,—1) intro-
duces a crucial distinction between **upper indices (contravariant)** and **lower indices
(covariant)**.

Why the Index Position Matters

A 4-vector written with an upper index, X*, transforms differently than one with a lower
index, X,,. They are related by the Minkowski metric:

Xy = X"
Explicitly, this means:
Xt = (ct,z,y,2) = X,=(ct,—x,—y,—2)

Using this, the Minkowski inner product between two 4-vectors X* and X" can be
compactly written using Einstein summation:

XIX, =0, XXV = At — 2 —y® — 2P

This expression is Lorentz invariant and reflects the correct spacetime geometry.

Important: It is incorrect and misleading to write X#X#* = ?t? + 22 + y? + 22 in
the relativistic context. Such expressions are not invariant and break the formalism of
special relativity.

The Role of the Minkowski Metric

The Minkowski metric 7, serves to raise and lower indices:
X# — T]'LWX,,, )(‘u — anXV

Since 1), = n*"”, raising and lowering operations use the same matrix.
Importantly, contractions (i.e., sums over repeated indices) must always involve one
upper and one lower index:

A¥B,, = valid and Lorentz invariant, ~A"B" = invalid

Example: The Electromagnetic Tensor

Consider the antisymmetric electromagnetic field strength tensor G,,,, defined in matrix

form:

W

0O -E, —-E, -E,
E, 0 —cB, c¢B,
E, cB, 0 —cB,
E. —cB, cB, 0

This object naturally lives with indices down. If needed, one can raise an index using the
metric:

G =

G, =G,

The antisymmetry G, = —G,,, is preserved under index raising.

10



Conceptual Significance

This distinction between upper and lower indices is more than notational:
e X" is a contravariant vector — it transforms like a coordinate displacement.
e X, is a covariant vector — it transforms like a gradient or 1-form.

In deeper mathematics (e.g., general relativity), these live in different vector spaces:
the tangent space and its dual. The Minkowski metric provides a natural isomorphism
between them.

By strictly following the index conventions and summing only over mixed pairs, we
ensure that all expressions remain Lorentz invariant — a core requirement of special
relativity.

2 General Relativity

General Relativity (GR), proposed by Albert Einstein in 1915, is a revolutionary theory
that redefines gravity not as a force, but as a manifestation of the curvature of spacetime
itself. It generalizes the principles of Special Relativity to include accelerated motion and
incorporates gravity as a geometric property of spacetime.

2.1 Why Newton’s Law of Gravity Fails

Newton’s universal law of gravitation,

B GMm

r2

F ;
treats gravity as an instantaneous force acting at a distance. While successful in many
practical contexts, Newton’s theory breaks down both conceptually and experimentally
under extreme conditions or high precision.

Conceptual Failures

¢ Incompatibility with Special Relativity: Newtonian gravity assumes instanta-
neous interaction, violating the principle that no information can travel faster than
light.

e Absolute Space and Time: Newton’s theory requires a fixed background of
absolute space and time. Special relativity replaced this with a unified, observer-
dependent spacetime, making Newton’s formulation outdated.

e No Role for Energy and Pressure: In Newtonian gravity, only mass generates
the gravitational field. But according to relativity, energy, momentum, and pressure
(components of the stress-energy tensor) also gravitate.

11



Empirical Failures

e Perihelion Precession of Mercury: The orbit of Mercury deviates from New-
tonian predictions. General relativity explains the extra precession precisely.

e Deflection of Light by Gravity: Newtonian gravity cannot account for the
bending of light by massive objects, as light has no mass. GR predicts this as a
result of spacetime curvature and was confirmed during the 1919 solar eclipse.

e Gravitational Time Dilation and Redshift: Effects involving time in gravita-
tional fields (e.g. clocks ticking slower near Earth) are beyond Newtonian gravity
and have been verified experimentally.

Towards a Field Theory of Gravity

In the relativistic view, gravity is not a force but a feature of spacetime geometry. Massive
bodies curve spacetime, and objects follow geodesics — the straightest paths — within
that curved geometry. This insight naturally leads us to describe gravity using a field:
the metric tensor g,,, which varies across spacetime.

The gravitational field is not mediated by forces in space but encoded in the structure

of spacetime itself:
ds® = g, (v)dxtdx”

The change in geometry caused by matter is governed by the Einstein field equations,
which relate curvature to the distribution of energy and momentum:

8rG
G’w/ - ?TMV
This framework unifies gravitation and geometry, laying the foundation for understanding

black holes, gravitational waves, and the large-scale structure of the universe.

2.2 Electromagnetism vs Gravity and the Role of the Energy-
Momentum Tensor

In classical field theory, both gravity and electromagnetism are long-range interactions,
but their treatments and physical interpretations are fundamentally different — especially
in the context of relativity.

Invariance of Charge vs Invariance of Mass

Electric charge is an intrinsic property of particles and is strictly invariant under Lorentz
transformations. No matter how fast an observer moves, the measured electric charge of
a particle remains the same. This is unlike energy or momentum, which vary with the
frame.

Mass, or more precisely rest mass, is also invariant. But gravity — unlike electromag-
netism — couples not just to mass, but to the **entire energy-momentum content™* of
matter. This includes:

e Energy (including mass-energy)

e Momentum

12



e Pressure
e Stress (momentum flow or momentum flux)

This is a core reason why gravity behaves differently from other forces in relativistic field
theory.

Electromagnetism: A Gauge Field on Flat Spacetime

The electromagnetic field A* lives in flat Minkowski spacetime, and the dynamics of the
field are governed by Maxwell’s equations. The field equations are:

o, F" = poJ"
where:
e F" is the electromagnetic field tensor,
e JH = (pc,j) is the 4-current (charge and current),
e 0, are partial derivatives in flat spacetime.

Electric charge appears as a source term, and is invariant. The spacetime remains fixed
— electromagnetic fields evolve on spacetime, not with it.

Gravity: Geometry as Dynamics

In contrast, general relativity makes spacetime itself dynamical. The “field” is the metric
9, and it evolves according to Einstein’s equations:

Gl“/ = C—4TMV

The object G, called the Einstein tensor, encodes how spacetime is curved. It is
defined by:

G = Ry — %ng
where:
e R, is the Ricci tensor, derived from spacetime curvature.
e IR is the Ricci scalar, a trace of R, .
® g, is the metric tensor.

The Einstein tensor is symmetric and satisfies V#G,,, = 0, ensuring local conservation of
energy and momentum.

13



The Stress-Energy Tensor 7,

The stress-energy tensor is a symmetric rank-2 tensor:

P —cjs —Cjy —ci.

T — —Clx Ogzx O-my Oz
2l y
—Cly Oyz  Oyy  Oyz

—CJ2 Oz Oy Oz

Where:
e p: energy density
e j;: momentum density or energy flux

e 0;;: stress components or momentum flux, representing the rate at which the i-th
component of momentum flows across a surface normal to the j-th direction.

This tensor is the source term in the Einstein field equations — it tells spacetime how
to curve.
Key Differences Between Electromagnetism and Gravity

e Electromagnetism acts in a fixed spacetime; gravity changes the structure of space-
time itself.

e The electromagnetic field couples to charge (a scalar invariant); gravity couples to
T,., a tensor involving all forms of energy and momentum.

e Electromagnetic waves propagate over spacetime; gravitational waves are ripples in
spacetime.

2.3 Geodesics in Spacetime

In general relativity, particles not subject to any non-gravitational forces move along
geodesics — the straightest possible paths in curved spacetime. Just as in classical
mechanics, this path can be obtained by applying the principle of least action.

Principle of Least Action

The path that a free particle follows between two spacetime events is the one that ex-

tremizes the action:
S = / Ld\

where A is an arbitrary parameter along the path, and £ is the Lagrangian.
For a free particle in curved spacetime, the natural choice of action is proportional to

the proper time:
dxt dzv
S——m/dS——m/ gﬂyﬁﬁd)\

We can simplify this by choosing the Lagrangian:

1 dxtdx”

— 29N dn

which gives the same equations of motion due to reparametrization invariance (since the
square root form and this form extremize the same path).

L
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Geodesic Equation

Using the Euler-Lagrange equations:

4oLy oL
d\ \ 9z or®

. . o
with ## = € we compute:

N
oL oL 1
a-. aV'Va _:_aa V.M‘V
i~ It gge 2 0
Plugging into the Euler-Lagrange equation gives:
d . 1 e
a(gazﬂr ) - éaozg;wxux =0

After manipulating and using the definition of the Christoffel symbols:
1
Fllfp = igua (augop + apgm/ - 6agyp)

we obtain the geodesic equation:

A%t dxV dxP
H _— =
oz Tl

This equation describes the path of a free-falling particle through curved spacetime.

Non-Relativistic Limit
In the non-relativistic (Newtonian) limit:

e Velocities are small: |0] < ¢
e The gravitational field is weak: spacetime is nearly flat.

e The dominant metric perturbation is ggy & 1 + 2¢/c?, where ¢ is the Newtonian
gravitational potential.

In this limit, the geodesic equation reduces to Newton’s second law:
d?z’
dt?

This shows that Newtonian gravity emerges as the low-speed, weak-field approxima-
tion of general relativity.

= —0'

A Particle in Minkowski Spacetime

Consider a particle moving in Minkowski spacetime RY3, with Cartesian coordinates
x# = (ct,z,y, z), and metric:

N = diag(—1,+1,+1,+1)
The invariant spacetime interval between two infinitesimally separated points is:
ds® = n,,dz"dz”

Depending on the sign of ds?, events are:

15



e Timelike if ds? < 0
e Spacelike if ds?> > 0
o Lightlike (null) if ds = 0

To describe the trajectory of a particle, we use a parameter ¢, which increases mono-
tonically along the worldline, with endpoints o; and o5. The action for a free massive
particle (with rest mass m) is:

dxt dxv

S=- do | —nuw———
mc/gl ’ W do

This action has dimensions of energy x time, as required, and geometrically represents
the proper time along the timelike worldline.

Symmetries of the Action

e Lorentz Invariance: The action is invariant under Lorentz transformations,
I 1 P ; I vo_
ot — NP with AR n,AY =15,

Solutions to the equations of motion are mapped to new solutions by Lorentz trans-
formations.

e Reparameterisation Invariance: The parameter o is arbitrary. If we change
variables to a new monotonic parameter (o), the form of the action remains un-

changed:
%2 dzH dxv
S =—mec /&1 do ==

This is not a symmetry that generates new solutions, but a redundancy — similar
to gauge invariance — reflecting that physics does not depend on how we parame-
terise the worldline.

Degrees of Freedom and the Role of Parameterisation At first glance, the rel-
ativistic action appears to involve four dynamical degrees of freedom x# (o), in contrast
to the three spatial degrees of freedom z'(¢) in the non-relativistic case. This raises the
question: are we introducing more physical degrees of freedom by adopting a relativistic
description?

The answer lies in reparameterisation invariance. Because the parameter o is
arbitrary and carries no physical meaning, not all four functions z*(o) are independent.
The actual trajectory is defined by the relation between the coordinates x*, not by their
individual parameterisations. Thus, one degree of freedom is redundant, and we are left
with three physical degrees of freedom — just as in the non-relativistic case.

As a concrete example, we can choose a specific parameterisation o = t, where t is
the time measured by some inertial observer. The action becomes:

to -2
S:—mc/ dt 1—I—2
C

t1
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where © = (fl—f. This is the action for a relativistic particle in a particular frame, which

makes explicit the appearance of the Lorentz factor:

1
’y:

_ 22

c2

While this form reveals clearly that the particle has three physical degrees of freedom
x(t), it obscures the Lorentz invariance of the original covariant action. That symmetry
becomes manifest only when all spacetime coordinates are treated on equal footing.

Rediscovering the Forces of Nature

So far, we've only considered the action for a free relativistic particle. To include forces,
we must add terms to the action — but in a way that preserves reparameterisation
invariance.

In non-relativistic mechanics, forces are introduced via a potential:

Snon-rel = /dt (%mxz - V(l’))

However, in the relativistic case, naively adding a potential term [ do V(x) breaks repa-
rameterisation invariance. To maintain this symmetry, we must construct interaction
terms that cancel any Jacobian from reparametrisation.

Introducing a Vector Field A,(xz) To retain Lorentz invariance and reparameterisa-
tion invariance, we consider adding a term linear in the velocity:

dxt dxv dz*

S=- dor|—ny——— — do A, (x)—
mc/al ? e do q/a1 ’ “<x>d0

Here:
e A,(x) is a spacetime-dependent vector field,
e ¢ is a coupling constant, later interpreted as electric charge.

This form ensures both reparameterisation and Lorentz invariance.

Recovering the Electromagnetic Interaction Choosing o =t and writing A*(x) =
(@7 A($)>, the action becomes:

S = /dt (—mczy/l - i—j — qp(z) + qA(z) - x)

This is precisely the action for a charged particle in an electromagnetic field. The
term involving ¢(z) gives rise to the electric potential energy, while A(z) - x introduces
magnetic effects.

Thus, by demanding the correct symmetries of relativistic mechanics, we naturally
rediscover the **Lorentz force law™* of electromagnetism.
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The Equivalence Principle and Gravitational Action

Let us consider the non-relativistic limit of a relativistic particle moving under a potential
V(z) = m®(z), where ®(z) is the Newtonian gravitational potential. The action takes

the approximate form:
1
S = /dt (ém:tz - m@(m))

We immediately notice a key feature: the mass m appears in both the kinetic and po-
tential terms. This implies that the strength of the gravitational force is proportional to
the inertial mass.

In Newtonian mechanics, the two masses need not be equal. One may distinguish
between:

e Inertial mass m;: coefficient in kinetic energy.

e Gravitational mass mg: coupling to the gravitational field.

But experiments show that:
my=mg
to extraordinary precision (107'3). This empirical fact is known as the equivalence
principle.

A Geometric Interpretation Our relativistic action provides a natural explanation:
since the mass multiplies the entire action uniformly, no distinction arises between m;
and mg. Gravity does not act like a force in the traditional sense — instead, it modifies
the background geometry in which particles move.
To capture this in the action, we promote the flat metric component 7y ~ —1 to a
weak-field expansion:
2<I>(a:))

Moo — Joo(T) =~ — (1 + 2

But modifying only 7y would break Lorentz symmetry. To preserve covariance, we
promote all components of 7,, to spacetime-dependent functions: a full metric g, ().
This leads us to the reparameterisation invariant gravitational action:

72 dxt dzv
S = —mc/ do \/—gu,,(x)% e

This describes a particle moving in curved spacetime — not under a force, but following
geodesics dictated by the geometry. Thus, the equivalence principle naturally guides us
to general relativity: gravity as curvature.

The Equivalence Principle

Equivalence Principle (Weak Form): Locally, the effects of a gravitational field are
indistinguishable from those of constant acceleration. That is, an observer in free fall
cannot detect the presence of gravity by any local experiment.
This implies that gravity and inertia are fundamentally linked — and that freely
falling frames are locally inertial. This forms the foundational idea of general relativity.
FExample: A person in a windowless elevator cannot distinguish between:

e standing still in Earth’s gravity,

e or accelerating upward in deep space at a = g.
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Rapidity: In special relativity, rapidity 6 replaces velocity as a more natural additive
parameter for boosts.
For motion along one spatial axis:

v =ctanhf, -~ =cosh#, ~v/c=sinhé

Thus, a Lorentz boost becomes:

ct'\ ([ coshf —sinh@\ [ct

2')  \—sinhé coshf x
Rapidity is additive under successive boosts, unlike velocity. This makes it a more natural
parameter when composing Lorentz transformations.

Uniform Acceleration and the Equivalence Principle

In special relativity, it is often more convenient to parametrize motion using rapidity ¢,
which is related to velocity via
v = ctanh ¢

Rapidity has the nice property of being additive under successive Lorentz boosts:
=1t

Uniform Acceleration For an observer undergoing constant proper acceleration a,
the rapidity increases linearly with proper time 7:

at
o(t)=— = (1) =ctanh (—)

c
This yields a relation between proper time 7 and coordinate time ¢ in the inertial

frame:

dt

E:

v(7) = cosh (%) = t(r) = gsinh (%)

x(7) = f cosh (ﬂ> — C—2

a c a
This describes a hyperbolic trajectory in Minkowski spacetime:

2\ 2 2\ 2
(x + c_) — At = (C—>
a a
Accelerated Coordinates and Rindler Spacetime: From the perspective of the

accelerating observer, it is natural to define coordinates (7, p) such that the observer sits
at p = 0. The transformation from inertial coordinates (ct, x) is:

2

C2 . aT 02 aT C
ct=|p+— smh(—), r=\p+— cosh(—)——
a C a C a

These coordinates cover only the right wedge of Minkowski space — the region acces-
sible to the accelerating observer. This limited access is associated with the concept of
an event horizon.
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Rindler Metric: Substituting into the flat Minkowski line element:
ds* = —cdt* + do* + dy* + d2*

yields:
an\ 2
ds® = — (1 + —f) dr® + dp? + dy® + d2?
c
This is the Rindler metric, describing flat spacetime from the viewpoint of a uni-
formly accelerating observer. The spatial sections remain flat, but the time component

now depends on p.

Gravitational Interpretation: The metric in the coordinates (7, p), known as Kot-
tler—Mgller coordinates, is a rewriting of part of flat Minkowski spacetime from the
viewpoint of a uniformly accelerating observer. It reads:

ap

2
5 > Adr* + dp* + dy? + d?
c

ds2:—<1+

This is closely related to the Rindler metric, which we will study later in the context
of black hole horizons.
The spatial part of the metric remains flat, but the temporal component gains a

spatial dependence:
ap\ 2 2ap  a*p?
900:—<1+—2> :—<1+—2+—4
c c C
This expansion matches the expected form from Newtonian gravity:

Yoo = — (1 + 2<I>(p)) = ®(p)=ap

c2

Interpretation: The accelerating observer perceives a linearly increasing gravita-
tional potential ®(p) = ap, as if immersed in a constant gravitational field. This is a
direct realization of the equivalence principle: acceleration and gravity are locally
indistinguishable.

The observer’s experience in the accelerating frame (with metric above) is equivalent
to being in a gravitational field with uniform strength a, even though they are in flat
spacetime. This geometric reformulation of inertial effects lies at the heart of general
relativity.

Einstein Equivalence Principle and Tidal Forces: The Einstein Equivalence
Principle states that in any sufficiently small region of spacetime, there always exists a
freely falling (locally inertial) frame in which the effects of gravity vanish. Mathematically,
this means the metric takes the form

Gy = Ny and I’fw =0

at a single point. These coordinates are those of a freely falling observer, where locally,
spacetime appears flat.

However, this equivalence is only local. Over an extended region, the metric can no
longer be transformed into Minkowski form everywhere, and curvature effects emerge
through non-zero second derivatives of the metric.
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A clear manifestation of this is seen through tidal forces. Suppose you are in a
weightless elevator with two small test masses placed near each other. If you are in true
inertial motion (e.g., drifting in flat space), the balls remain stationary relative to each
other. But in a non-uniform gravitational field (e.g., falling toward Earth), their geodesics
begin to diverge or converge.

This deviation signals spacetime curvature and is captured by the geodesic devia-
tion equation. Thus, while gravity can be eliminated locally by choosing an appropriate
frame, curvature—and hence gravity—can still be detected over finite regions.

Gravitational Time Dilation:

Even before solving Einstein’s equations, we can already understand how gravity affects
time. In a weak gravitational field ®(z), the temporal component of the metric becomes:

20(x)

=1
Goo() + c

For a spherically symmetric mass M, the Newtonian potential is:

GM

r

O(r) = —

Substituting into the metric gives:

2GM
dTZIQOU(T')dt2: (1— G )dtQ

rc?

An observer at radius r thus experiences a slower passage of time compared to someone
far from the mass. If a distant observer measures time ¢, the local time experienced near

the mass is:
2GM
T(r)=1t\/1—
(r) =ty "

This phenomenon is known as gravitational time dilation.

The gravitational time dilation effect becomes dramatically more pronounced near a black
hole. In Section 1.3, we will see that the closest stable circular orbit a planet can maintain
around a non-rotating (Schwarzschild) black hole is at

_ 3GM

2

r
C

At this radius, time passes significantly slower. A clock orbiting at this distance ticks at

the rate:
1
T =11/ =~ 0.58¢
Vi

compared to an asymptotic observer at infinity.

Why is this the innermost stable circular orbit (ISCO)? The answer lies in the nature
of geodesics in curved spacetime. As one moves closer to the black hole, the effective po-
tential for orbital motion becomes increasingly steep and unstable. Below r = 3GM/c?,
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circular orbits are no longer stable — small perturbations in radius grow, causing the par-
ticle to spiral inward toward the event horizon. The ISCO marks the boundary between
stable and unstable orbital motion.

In Interstellar, the planet is depicted as experiencing time so slow that one hour there
corresponds to seven years on a distant spaceship. For this extreme time dilation to
occur, the planet would need to be located much closer to the event horizon, near

2GM

c2

T

However, this is already inside the ISCO, meaning no stable orbit is possible there for a
Schwarzschild black hole. To achieve both stability and such extreme time dilation, one
must consider a rapidly spinning (Kerr) black hole. In Kerr spacetime, frame dragging
allows stable orbits to exist closer to the horizon, but even then, such orbits would be
subject to intense tidal forces, radiation, and other hostile effects — making the setting
in the movie highly idealized.

Thus, while the concept of gravitational time dilation in Interstellar is based on real
physics, the magnitude and survivability of such a planet are scientifically implausible
without invoking a very carefully tuned rotating black hole model.

Gravitational time dilation has also been experimentally confirmed using atomic clocks
at different altitudes on Earth, in agreement with general relativity.

Gravitational Redshift:

Gravitational redshift is one of the key observable consequences of general relativity,
arising due to the variation of the flow of time in a gravitational field. When light or any
signal climbs out of a gravitational potential well, it loses energy, which manifests as a
shift toward longer wavelengths (lower frequencies).

Consider a static observer at radius r in a weak gravitational field, where the spacetime
metric is approximately:
20(r)

goo(r) =~ 1+ 2

Here, ®(r) is the Newtonian potential, e.g., for a spherical mass M,

GM

r

O(r) = —

Suppose a photon is emitted from radius r; and received at a distant point r5. The
time dilation experienced by the emitting and receiving observers leads to a shift in the
observed frequency:

Va2 _ Joo(72)
3 Joo(71)

In the weak-field limit (®/c?> < 1), this becomes:

Y2 P(ry) — (1)




If ro > 7y, i.e., the photon climbs out of the potential well, then ®(ry) > ®(ry), so ve < v1:
a redshift. Conversely, light falling into a potential well will be blueshifted.

Experimental Verification: Gravitational redshift has been confirmed experimentally
through observations such as:

e The Pound-Rebka experiment (1959), which measured redshift over a height of 22.5
meters using gamma rays.

e Observations of spectral lines from white dwarfs and neutron stars.

e GPS satellites, which must account for both gravitational and special relativistic
time dilations to maintain accuracy.

Gravitational redshift directly ties the geometry of spacetime to observational phenom-
ena, reinforcing the idea that gravity is not a force in the Newtonian sense, but a mani-
festation of curved spacetime.

Geodesics in Spacetime:

So far, we have focussed entirely on the actions describing particles, and have not yet
written down an equation of motion, let alone solved one. Now it’s time to address this.

We consider the relativistic action for a particle moving in curved spacetime:

o2
S:—mc/ do L, with L =/—gu(z)iriv

1

where ¥ = % is the derivative of the particle’s worldline with respect to an arbitrary

parameter o. This form is similar to the non-relativistic geodesic action, but the square
root introduces complications when deriving the equations of motion.

Equations of Motion: We compute the Euler-Lagrange equations:

d oLy _or
do \ 0z° oxr

Working through the algebra, we obtain:

d g 1 "
(gp < ) ({9pgw,:(:“:(:” =0

do\ £ ) 2L

This yields a complicated form due to the square-root factor £. However, this can be
greatly simplified if we choose to reparameterise the worldline using the proper time T,

which is defined by:
cdr = L(o) do

This ensures that £ = ¢, and thus % = 0. Such parameters related linearly to proper
time (7 = a7 + b) are called affine parameters.
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The Geodesic Equation: Using an affine parameter, the Euler-Lagrange equations
simplify to the relativistic geodesic equation:

A2t i dx¥ dx” B
dr? Yo dr dr

where I are the Christoffel symbols:

1
Flrjp = §gua (anO'p + apgau - aagup)

This is the most important equation describing how particles move under gravity in gen-
eral relativity: they follow geodesics, the ”straightest possible paths” in curved spacetime.

A Useful Trick: Rather than dealing with square roots, we can use a simplified form
of the action (when working purely classically):

dzt dx¥

Suseful - /dTg,uy(x)? dr

This will produce the same geodesic equation (up to affine reparameterisation), provided
we impose the constraint:

det dz”
u dr dr
which ensures the worldline is timelike.

Massless Particles: For massless particles, such as photons, the path followed is a
null geodesic, and the constraint becomes:
drt dx” 0
Jpw dr dr
The fact that the geodesic equation is independent of mass reflects the equivalence prin-
ciple: all objects, regardless of mass, fall the same way in a gravitational field.

This derivation shows how geodesic motion emerges naturally from the action principle
in general relativity, and how proper time plays a central role in simplifying the formalism.

A Useful Trick:

We started in Section 1.1.1 with the non-relativistic action
S=[dt T”gij(x)x’xj
and found that it gives rise to the geodesic equation (1.7).
However, to describe relativistic physics in spacetime, we need to incorporate repa-
rameterisation invariance into our formalism. This leads us to the action

dz+ dxv
S = —mc/da \/—gu,,(:c)% e

Nonetheless, when we restrict to a particular parameterisation — the proper time 7 — we
find exactly the same geodesic equation (1.30) that we encountered in the non-relativistic
case.
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This suggests a shortcut. If our goal is merely to derive the geodesic equation for a
given metric, we can work with the simplified action:
dz* dx”
dr dr

Suseful = /dT g;uz(x) (132)
This will give the desired equations of motion, provided it is supplemented with the
constraint: dzt di
g’“’?? = —02 (133)

This constraint enforces that the geodesic is timelike, with 7 representing proper time.
It ensures that the particle moves forward in time. Notably, neither the action (??) nor
the constraint (?7) depend on the mass m of the particle. This is a reflection of the
equivalence principle, which tells us that all particles, regardless of mass, follow the same
geodesic.

Moreover, we can also use (?7?7) to compute the motion of massless particles such as
light. These follow null geodesics, which means we replace the constraint with:

dz* dx”
yv————— =10 1.34
In dr drt ( )
While the action Sygeru i, as the name suggests, useful, it must be wielded with caution.
As written, it does not have the correct physical dimensions for an action. Furthermore, if
one tries to use it in the context of quantum mechanics or statistical mechanics, improper
handling of the constraint could lead to incorrect results.

A First Look at the Schwarzschild Metric

Physics was born from our attempts to understand the motion of the planets. The
problem was largely solved by Newton, who was able to derive Kepler’s laws of planetary
motion from the gravitational force law. This was described in some detail in our first
lecture course on Dynamics and Relativity.

Newton’s laws are not the end of the story. There are relativistic corrections to the
orbits of the planets that can be understood by computing the geodesics in the background
of a star.

To do this, we first need to understand the metric created by a star. This will be
derived in Section 6. For now, we simply state the result: a star of mass M gives rise to
a curved spacetime described by the Schwarzschild metric:

—1
d32 _ _ (1 . QGJQ\/[) CthQ + (1 . QGALW) dTQ +T2(d02 + Sin29d¢2) (1)
rc rc

The coordinates 6 and ¢ are the usual spherical polar coordinates, with 6 € [0, 7] and
¢ € [0,2m).

We can already perform a few sanity checks. First, note that far from the star, as
r — 00, the metric reduces to the flat Minkowski metric, as it should. Secondly, the gg
component is

GM

r

oo = — (1 + i—f) . with ®(r) = — 2)

which matches our earlier expectation for a weak gravitational potential.
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However, the Schwarzschild metric also has some curious features. In particular, the
gr» component diverges at

2GM
r=R, = 2 (3)
This radius R, is known as the Schwarzschild radius. It marks the location of an event
horizon if the star is sufficiently compact — in other words, if it’'s a black hole. This

phenomenon will be studied more deeply in Section 6.

That said, the Schwarzschild metric describes spacetime outside any spherically sym-
metric mass distribution, whether it’s a black hole or a regular star. For a regular star,
the metric applies only outside the stellar surface r > Rgiar, where Rgar > R.

In what follows, we will treat planets as test particles moving along geodesics in the
Schwarzschild geometry and study the relativistic corrections to planetary orbits and
other physical effects in this spacetime.

Geodesics in the Schwarzschild Background

Our first task is to derive the equations for a geodesic in the Schwarzschild background.
To do this, we use the quick and easy method of looking at the action (1.32) for a particle
moving in Schwarzschild spacetime,

Suseful:/dTL: /dTg;w(x) iuiy (4)

_ / dr [_A(r)c%'? +ATN)P 4 P26 + sin® 0 éz)] (5)

where A(r) =1 — £+ and i# = da#/dr.
Just like in the Newtonian Kepler problem, we can use conservation of angular mo-
mentum to restrict the motion to a plane. Consider the equation of motion for 6:
d (0L oL d . .
e <£> _%:0 = %(7’29) = 72 sin # cos 6 ¢* (6)

This tells us that if we choose initial conditions with § = 7/2 and 6 = 0, then the motion
will remain confined to the equatorial plane. We adopt this simplification.

Conserved Quantities: Next, we exploit the symmetries of the Schwarzschild metric
to identify conserved quantities. Since the Lagrangian is independent of both ¢ and ¢,
we apply the Euler-Lagrange equation:

% <g—§;> =0 = conserved quantity (7)
The conserved quantity associated with ¢ (angular momentum per unit mass) is:
oL . .
20 = 8_¢ =2r¢ = (=1 (8)
The conserved quantity associated with ¢ (energy per unit mass) is:
—2F = aa—i = 24(r)c*t = FE=A(r)c* (9)

As r — oo, where A(r) — 1, we return to flat space. There, we know ¢ = 7, and
E — ~c?, consistent with the energy per unit rest mass in special relativity.
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Geodesic Constraint: We now impose the proper time constraint from (1.33). Setting
0 =7/2and 6 =0, we get:

—A(r)A? + ATV 4+ r29? = =2 (10)
Substituting the conserved quantities for ¢ and ¢, we find:

1., 1 E?
57’ + Ve(r) = 32

Varlr) = 5 <02 + f—z) (1 B %) -

This is the key equation governing the radial motion of the particle. Once the radial
solution is known, we can reconstruct the full orbit using the expression for angular
momentum.

(11)

with the effective potential

2.4 Planetary Orbits in General Relativity

We now repeat this analysis for the full relativistic motion of a massive particle moving
along a geodesic in the Schwarzschild metric. We have seen that the effective potential

takes the form:
A GM I GMIP?
™
The relativistic correction scales as —1/r® and modifies the Newtonian story at short
distances, ensuring that the potential Veg(r) — —oo as r — 0. Notably, the potential
vanishes at the Schwarzschild radius r = R, = 2GM/c*, with Veg(R,) = 0.
The shape of the potential depends on the angular momentum. To analyze this, we

compute the critical points:

(13)

GM I? 3GMIi?
! —
) 2 3 + A2 0 (14)
This equation can be rearranged as:

3GMI>

2

GMr? — *r + 0 (15)

c
This quadratic equation in r has two solutions when the discriminant is positive, i.e.,
when
12G?M?
> —
2

I? (16)

In this case, the effective potential has a local maximum and a local minimum. Let
us denote the solutions to the quadratic as r. and r_ with r, > r_. The outer root
r, corresponds to a stable circular orbit; the inner root r_ corresponds to an unstable
circular orbit.

There also exist non-circular orbits that oscillate around the minimum of the potential.
Unlike Newtonian orbits, these are not necessarily closed or elliptical. A notable feature
is that the angular momentum barrier is now finite: even a particle with large angular
momentum can fall into the center if it has sufficient energy.
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Figure 4: The effective potential for a  Figure 5: ...and when 12¢? < 12G2M?2.
massive particle when 12¢? > 12G2M?2.

If I < ch#’ then Vog(r) has no turning points and the potential is monotonically
decreasing. No stable orbits exist in this case; all particles eventually fall inward.

The borderline case I? = 12(:0# corresponds to a saddle point in the potential, located
at: 6CM
1800 = T3 (17)

This is known as the Innermost Stable Circular Orbit (ISCO). For r < r5c0, no circular
orbits exist, though non-circular trajectories may still dip into this region.

The ISCO plays a significant role in black hole astrophysics, especially as it marks
the inner edge of an accretion disk. In observations like the Event Horizon Telescope
image, the ring of light roughly corresponds to the photon sphere rather than the ISCO.
Nonetheless, the ISCO still defines the last possible stable orbit for matter.

Finally, we can ask: how close can a non-circular orbit approach the black hole? In
the limit [ — oo, the maximum of the effective potential approaches:

3GM

2

(18)

r_ —
C

This is the closest distance that any timelike geodesic can reach and still escape, making
it an important threshold in relativistic dynamics.

2.5 Perihelion Precession

To analyze the relativistic correction to planetary orbits, we introduce the inverse radial
coordinate

U= -
r

and express the equations of motion in terms of u(¢). Starting from the conserved energy
and angular momentum, and applying general relativistic corrections, the equation of

motion becomes )
du L 2GM 2GM E? 1
— u — U — U == — —
d¢o [? c? 22 2

This is considerably more complex than the Newtonian orbital equation. To simplify,
we differentiate both sides with respect to ¢, assuming g—g # 0 (i.e., excluding circular
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orbits), yielding:

d?u GM  3GM
W‘FUZZ—Q—F 02 Uu

This equation differs from the Newtonian result by the additional nonlinear term

3¢My?, which vanishes as ¢ — oo.

To solve this, we employ perturbation theory by introducing the small parameter

3G2M?
P="pa

and seek a solution as a power series expansion in :

w(®) = uo(¢) + Bui(¢) + fua(d) + - --
At leading order (5 — 0), we retrieve the Newtonian orbit:

d2U0 GM GM
T tw= g = w(e) = g+ ecoso)
Substituting ug into the right-hand side of the full equation, we obtain the inhomo-
geneous differential equation for u;:

d2u1 M 2
002 +u = 2 (14 ecoso)

Expanding the right-hand side:
2 2

(14 ecosp)® =1+ 2ecosd + e?cos? ¢ = 1+2ecos¢+%+%cos(2¢)

So the equation becomes:

d?uy GM e? e?
i +uy = 2 (1 + B + 2ecos ¢ + 5005(2@5))

This has the solution:

2 2
ui (@) = GZ—QM (1 + % +epsing — %Cos(ng))

The key term here is e¢ sin ¢, which is **not periodic** in ¢ and causes the orbit to not
close after a full 27 revolution. This manifests as a slow **precession of the perihelion**
(or aphelion) of the orbit.

The perihelion shift A¢ per revolution, to leading order in f3, is given by:

67 G2 M?
12¢?

A¢ ~ 213 =

This is a classical test of general relativity, famously explaining the anomalous pre-
cession of Mercury’s orbit.
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Application to Mercury and Observable Shift
For planets orbiting the Sun, the perihelion shift depends only on the planet’s angular

momentum [ and the mass of the Sun, denoted M. The latter is approximately

GM
My ~2x100 kg = 2~ 1.5x 10° m
C

For a planet in an almost circular orbit of radius r and orbital period T, the angular

momentum 1is
2772

| —
T
Using Kepler’s third law (T o< 73/2), it follows that [ oc 7'/2, and hence
1 1
0 X = X —
? r
This implies that **the perihelion shift is more significant for planets closer to the Sun**.
The innermost planet, **Mercury™*, is ideal for observing this effect. Mercury’s orbit
has a notable eccentricity e ~ 0.2, with radial distance varying between

r_~46x10"m, r.~7x10"m

We can use the relativistic orbit formula for precession derived earlier. For elliptical
orbits, the angular momentum can be related to the semi-major axis via:

I 1

. . 2: . —
=i 11 F=GM-r (1—e)

T+

Thus, the perihelion shift per revolution becomes:

5= 6mGM B 6mGM 61

22 2-GM-r,(1—e) cry(l—e)

Plugging in the values:

67
0~ ~ 5. 1077 radi
Bx 1052 -7 x 1010 (1= 0.g) ~ >V 107" radians

Although this is a very small angle per orbit, **the effect is cumulative**. Mercury
completes about 415 orbits per century, so the total precession is:

A@eentury = 415 -0 ~ 2.1 X 10~* radians per century

Astronomers measure angular displacement in **arcseconds**, where:

B 2T
~ 360 - 3600

Therefore, the observed perihelion shift is:

1°=3600" = 1" ~ 4.848 x 107% radians

2.1 x 1074

~ 1
1818 < 106 ~ 43" per century

This **matches the observed anomalous precession®* of Mercury’s orbit, one of the

earliest and strongest confirmations of general relativity. Subsequent observations of
Venus and Earth’s orbits also agree with relativistic predictions.
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2.5.1 Newtonian Contributions from Other Planets

The general relativistic contribution of 43”/century is not the full story — Mercury’s
observed perihelion shift is roughly 575" /century. Most of this ( 532”) arises from the
gravitational perturbation of the other planets, a purely Newtonian effect.

We approximate the influence of an outer planet of mass M’ orbiting at radius R as a
circular ring of mass-per-unit-length M’/(27R) in the same plane. Since Mercury orbits
much faster, we may average over the outer planet’s position:

The Newtonian potential from the Sun is still

GM

Vilr) = ———

and from the ring:

v (r)__GM’/Q’r do . aM 1+i+
e 9 R \/R2+T2—2RTCOSQN R 4R?

Dropping r-independent terms, the effective potential per unit mass becomes

aM P GM!
Ven(r) = ===+ 55 =2 "

where the sum runs over all outer planets.
Switching to u(¢) = 1/r, the perturbed orbit equation is:

d*u GM 3
d7¢2 + u — 12 = —Qu

where B
a= Z 16 Q_RZZIS

i

In the small-a, e limit and to first order in eccentricity, the perihelion shift per orbit is:
M-, To 3
d=3ra=3 S =
ra=373 01 ( Rﬁ)
with ro = (1 —e)ry.

Using M = M, ~ 2 x 103%g, ry ~ 5.64 x 10'°m, and data:

Planet M/ (10**kg) R; (10" m)

Venus 4.9 1.08
Earth 6.0 1.52
Mars 0.64 2.28
Jupiter 1900 7.78
Saturn 570 14.0

A quick estimate shows Jupiter and Venus dominate. Summing their contributions
yields:
§ ~ 40 x 10 "rad/orbit = 344" / century

which is larger than the relativistic 43" but still short of the ~ 532" from full Newtonian
analysis.
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Higher-order corrections Including further terms in the ring’s potential expansion:

GM' r? ort
rin = -2 1 =) e
Viing(r) = =25 { IR TR T }

leads to a more accurate perihelion shift formula:

M-, To 3 To >
) = ? — 4 —
WEZ,:QM 3<Ri) + 5(Ri> +

Accounting for higher-order terms (especially Venus’s significant (r9/R) = 0.5) yields:

§ a2 59 x 10~ rad/orbit = 507" / century

bringing us closer to the full Newtonian prediction of 532”. With more precise multi-
pole expansions and orbital averaging, one recovers the full ~ 532" /century, reconciling
observation and Newtonian perturbation theory.

Null Geodesics and the Photon Sphere

We now turn to the motion of massless particles (i.e., light) in the Schwarzschild geometry.
As before, we use the general equations of motion derived earlier, but we now impose the
**null constraint™**:

—A(r)c2i2 + 14_1(7“)7"2 + r2qb2 =0

where A(r) =1 — QCGT]T‘,/[ This replaces the timelike constraint used for massive particles.
Just as in the timelike case, the motion reduces to an effective one-dimensional radial

motion: . | B2
.9 o
57” + Voun(r) = )

where the **effective potential** is now:

2 2GM
Vnull(r) = ﬁ (1 - >

cr

This potential behaves differently from the massive case: - As r — oo, Vyun(r) — 07
-Asr — 0, Vou(r) - —o0
The potential has a **maximum™*, located at:
AVl _3GM

=0 = r
dr * c?

This is known as the **photon sphere**, the radius at which light can orbit the black
hole.
The maximum value of the potential is:

124
= 54G2 M2

This orbit is **unstable**: any small radial perturbation causes the photon to either
fall into the black hole or escape to infinity. Nonetheless, this radius plays a central role in
black hole optics — light from an accretion disk appears to emerge from near the photon
sphere, forming the **bright ring®* seen in EHT images (though the resolution may not
be sufficient to resolve the photon sphere precisely).

Vnull (7’*>
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Behavior Based on Energy The fate of a light ray depends on its total energy E
and angular momentum [, specifically on the comparison between E?/2¢? and the barrier
height Viun(ry):
e Case 1: £ < fGM
Light with energy below the angular momentum barrier cannot escape from within
r.. It will fall toward the black hole after looping around — or, if coming from
outside, will be deflected (scattered) and escape back to infinity.
e Case 2: I > \ﬁGM

Light now has enough energy to overcome the barrier. If emitted from r < r,, it
may escape to infinity — but only if r > R, = 2?—2M Conversely, light from infinity
may spiral in and fall into the black hole.

This behavior encodes rich phenomena like gravitational lensing, photon capture cross
sections, and the formation of black hole shadows. We will examine light deflection and
capture cross sections in more detail in subsequent sections.

Gravitational Lensing

To analyze the deflection of light rays in more detail, we again introduce the inverse radial
parameter u = 1/r. The null geodesic equation becomes:

du 2+ 2 (| 2GM E2
dp) " 2 )T e

Differentiating this yields the second-order equation:

d*u 3GM
d7¢2 +u= 2 u (1.54)
We solve this perturbatlvely in the small dimensionless parameter 3 = 2b , where b

is the **impact parameter**
At zeroth order, we ignore the right-hand side:

d2U0 i N 1 . ¢
Uy = ug = — sin
dg2 "7
which describes a straight-line trajectory: rsin¢ = b.
To first order in 3, the equation becomes:
d2'LL1 3 3
i UL = g sin? ¢ = TE —(1 — cos 2¢)
whose general solution is:
1
= Acos¢+ Bsing + 262(3 + cos 2¢)

2

7, B =0 to match the asymptotic behavior at

Choosing integration constants A =
¢ = 7, the total solution becomes:

1 M
u(g) = 3 sin ¢ + Si2.3 (3 +4cos ¢+ cos 2¢)
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To find the total bending angle, we set u = 0 (i.e., 7 — 00) and approximate sin ¢ ~ ¢,
cos ¢ ~ 1 near ¢ = 0. Solving for the deviation, we find:

4G M
0 = bc?

(1.55)

This is the celebrated result of **gravitational lensing™*: light is deflected by an angle
0¢ when passing by a massive object at impact parameter b. This prediction, confirmed
observationally during the 1919 solar eclipse, was one of the first major triumphs of
general relativity.

3 Differential Geometry

3.1 Introduction to Differential Geometry

Describing gravity as a geometric phenomenon requires a mathematical framework capa-
ble of handling curved spaces and spacetimes. This framework is provided by differential
geometry, which generalizes the tools of calculus to smooth manifolds that are not nec-
essarily flat.

In the context of general relativity, spacetime is modeled as a four-dimensional mani-
fold equipped with a metric tensor that determines distances and causal structure. Unlike
Euclidean space, such manifolds can exhibit intrinsic curvature, which is directly related
to the distribution of mass-energy.

Differential geometry introduces a range of geometric structures that are necessary for
formulating physical theories in curved backgrounds. These include smooth manifolds,
charts and atlases for coordinate systems, tangent spaces, vector fields, and tensors. All
these objects transform covariantly under changes of coordinates, ensuring that physical
laws remain independent of the observer’s frame.

This section provides a minimal introduction to the concepts and structures that are
essential for formulating general relativity and other geometrically motivated physical
theories. The emphasis is on definitions and their logical relationships, with formal proofs
and topological details omitted for brevity.

3.2 Manifolds

A manifold is the basic geometric setting for formulating physical theories involving
curvature and local smooth structure. Informally, an n-dimensional manifold is a space
that, around every point, resembles R", although its global structure may be curved or
topologically nontrivial.

At this stage, the manifold is assumed to have minimal structure. Notably, no intrinsic
notion of distance, angle, or curvature is defined yet. These require additional geometric
structures to be introduced later, such as a metric tensor. For now, the focus is on the
topological and differentiable properties that define a smooth manifold.

Examples of manifolds include:

e The Euclidean space R"
e The n-sphere S™, defined as the set of points in R"*! at unit distance from the

origin
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e The n-torus T" = St x --- x St

In physics, manifolds arise naturally. Classical configuration spaces, phase spaces, and
the state spaces in thermodynamics are all examples of manifolds. In general relativity,
spacetime itself is modeled as a smooth four-dimensional manifold, to which additional
structure — such as a Lorentzian metric — is applied to describe gravitational dynamics.

The formal definition of a manifold and the associated coordinate systems will follow
in subsequent sections. These will provide the language necessary to define vector fields,
tensors, and curvature in a consistent and coordinate-independent manner.

3.2.1 Topological Spaces

Before defining manifolds, we begin with the underlying structure of a topological space.
This provides the minimal framework necessary for discussing continuity, convergence,
and neighbourhoods.

Definition: A topological space M is a set equipped with a collection T of subsets
called the topology, satisfying:

i) MeT,beT
(ii) The finite intersection of open sets is an open set
(iii) The arbitrary union of open sets is an open set

An open set O € T is called a neighbourhood of a point p € M if p € O.

A topological space is called Hausdorff if for any two distinct points p,q € M, there
exist disjoint neighbourhoods Oy, 0y € T such that p € Oy, ¢ € Oy, and O; N Oy = (.
This separation property is assumed in all physically meaningful spaces.

Example: The real line R, with open intervals as basic open sets, forms a Hausdorff
topological space.

Definition (Homeomorphism): A map f : M — M between two topological
spaces is a homeomorphism if:

(i) f is bijective
(ii) f is continuous
(iii) f~! is also continuous

Spaces related by a homeomorphism are topologically equivalent. For example, a
torus and a coffee mug are homeomorphic, illustrating that topology preserves qualitative
geometric features but not distance or curvature.

3.2.2 Differentiable Manifolds

An n-dimensional differentiable manifold is a Hausdorff topological space M that is locally
modeled on R" and supports smooth coordinate transitions.
Definition: M is a differentiable manifold if:

(i) For every p € M, there exists an open set O C M and a homeomorphism ¢ : O —
UcCR".

35



(ii) If O, N Og # 0, then the transition map s o @ ' : 0o (O N Os) = p5(0s N Op) is
(™, as is its inverse.

Each map ¢, is called a chart; the collection of charts forms an atlas. Coordinates of
a point p € O, are denoted p,(p) = (z'(p),...,z"(p)), or simply z*.

If a point lies in overlapping charts, transition functions relate the coordinate descrip-
tions. Compatibility ensures that overlapping charts yield consistent smooth structure.

Multiple compatible atlases can define the same differentiable structure. A differen-
tiable structure is fixed by a maximal atlas — one containing all charts compatible with
a given atlas.

3.2.3 Smooth Maps and Diffeomorphisms

The utility of local coordinate charts lies in enabling calculus on manifolds by leveraging
familiar analysis on R".

A function f: M — R is said to be smooth if for every chart ¢ : O C M — U C R",
the composition f o™t :U — R is smooth.

Given manifolds M and N, a map f : M — N is smooth if for all charts ¢ : O C
M —UcCRM™WMandy: O ¢ N =V C RN themap o fop!:U — Vis
smooth.

A diffeomorphism is a bijective, smooth map f : M — N whose inverse f~! is also
smooth. If such a map exists, the manifolds M and N are said to be diffeomorphic.

Diffeomorphism is a stronger condition than homeomorphism: all diffeomorphic man-
ifolds are homeomorphic, but the converse is not true. Manifolds may admit multiple
inequivalent differentiable structures. For instance:

e The 7-sphere S” admits exotic smooth structures that are homeomorphic but not
diffeomorphic.

e R"is uniquely smooth for all n # 4, but R* admits uncountably many inequivalent
smooth structures.

These exotic structures are mostly of mathematical interest, with limited applications
in physics.

3.3 Tangent Spaces

To define differentiation on a manifold M, consider a smooth function f: M — R and a
chart o : O C M — U C R"around a point p € M. This gives a function fop™': U — R,
which we can differentiate using standard calculus on R". In coordinates z*, we define:

of | _ a(fop™)

Ok P Ok »(p)

This definition is coordinate-dependent. Our goal is to construct a coordinate-independent
notion of differentiation at p, which leads to the concept of the tangent space T,,M, the
vector space of all derivations at p — linear maps acting on smooth functions f satisfying
the Leibniz rule:

v(fg) =v(f)glp) + f(p)v(g) Vf g€ C®(M)

We will see that any coordinate system {x*} around p gives a natural basis {%}p
for T,M, and coordinate transformations act on these basis vectors via the chain rule.
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3.3.1 Tangent Vectors

A tangent vector at a point p € M is defined as a linear map
v:C®(M)— R

satisfying the Leibniz rule:

v(fg) =v(f)g(p) + f(p)v(g)

for all smooth functions f,g € C*°(M). The set of all such derivations at p forms a real
vector space, called the tangent space at p, denoted T, M.
Given a chart (2',...,2") around p, we define the basis of T, M as:

|, -

Each basis vector acts on a function f € C*°(M) via:

0

dat

p

Any tangent vector v € T,,M can be expressed as:

0
0= G

p

with components v# € R. Under a change of coordinates, these components transform

via the Jacobian:

v
— ax oM

- Qxk

This makes tangent vectors geometric objects independent of coordinates.

v

Theorem. The tangent space T,M at a point p € M is an n-dimensional real vector
space. Given a coordinate chart (x!,... 2") around p, the vectors

{ I }:

Any tangent vector X, € T,M can be expressed as

0
— H
X, = X"

p

where X* € R are the components of the vector in the chosen coordinate basis.
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3.3.2 Changing Coordinates

Tangent vectors are geometric objects that exist independently of any coordinate system.
However, to express them concretely, we often introduce a chart ¢ with coordinates z*,
which induces a natural basis for the tangent space 7T}, M given by:

)

This is known as a coordinate basis, since each basis vector corresponds to a partial
derivative with respect to a coordinate direction.
Under a change of coordinates x# — 2, the basis vectors transform as:

0 ozt 0

oz ) 9z Oxt

p

and hence the components X* of any vector X, = X Ma% must transform accordingly to
preserve the geometric object:

8$/V
X" = XH
ozt
This ensures that the vector itself is invariant:
0 0
X, =Xtr— =X"
P ozt ox'”

Coordinate vs. Non-Coordinate Bases. While coordinate bases arise naturally
from charts, we can also work with more general bases {e,}, not necessarily related to
coordinate derivatives. These are called non-coordinate bases. A particularly important
example of this is the wvielbein or frame field, which provides a local orthonormal basis at
each point and will be discussed in Section 3.4.

In all cases, physical and geometric quantities must be independent of the coordinate
system chosen. This principle will guide our construction of all further structures on
manifolds.

3.4 Vector Fields

Previously, we defined tangent vectors at a single point p € M. It is often more useful to
consider a smooth assignment of a tangent vector to every point in the manifold. Such
an object is called a vector field.

A vector field X on a manifold M is a smooth map that assigns to each point p € M
a tangent vector X, € T,M. Equivalently, a vector field is a linear map:

X C®(M) = C=(M)

such that X (f)(p) = X,(f), where X, acts as a derivation on f € C*(M).
The space of all smooth vector fields on M is denoted by X (M).
In a coordinate chart (z*), any vector field can be written locally as:

0
X = X:U« R
(@) 5
where the X*# € C*(0O) are smooth functions defined on the open set O C M covered by
the chart. To define X globally, such local expressions must be smoothly compatible on

chart overlaps.
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3.4.1 Integral Curves

An alternative perspective on vector fields is through the notion of flows. A flow on a
manifold M is a one-parameter family of diffeomorphisms o, : M — M, satisfying

oo =1idy, 0500y =04, and oy = a[l

This defines a smooth action of R on M, with each point p € M tracing out a smooth
curve under the flow. These curves are called integral curves or orbits of the flow.
The vector field X generated by the flow is defined as the tangent to these integral
curves: d (1)
1 ( el _ar
XH(at (1)) =
where z#(t) are the coordinate functions of the flow line passing through a point.
Conversely, given a smooth vector field X on M, we can construct its integral curves
by solving the ordinary differential equation

dat © © _
B = Xr(a(t), (0) =

Linitial

This equation defines a curve whose velocity at each point equals the vector field evaluated
at that point. These curves are often visualized as streamlines of the vector field, and
together they form the flow generated by X, at least locally.

The existence and uniqueness of such flows is guaranteed by standard results in dif-
ferential equations, provided X is smooth.

3.4.2 Lie Derivatives, Push-Forward, and Pull-Back

Push-Forward. Given a smooth map f : M — N between manifolds, the push-forward
(or differential) f. maps tangent vectors from T,M to Ty, N. For X, € T,M, the push-
forward is defined via its action on smooth functions g € C*(N) as:

(feXp)(9) == Xy(g o f)

This constructs a vector at f(p) in N from a vector at p in M. Intuitively, it transports
directions forward along the map f.

Pull-Back. In contrast, the pull-back operates in the opposite direction. Given f :
M — N and a differential form w € QF(N), the pull-back f*w € Q¥(M) is the unique
form on M satisfying:

(ffw)p(vr, .. vk) == wpe)(fevrs o fuvg)

for v; € T,M. That is, we use f, to push vectors forward, then apply the original form
w.

Lie Derivative. The Lie derivative measures how a tensor field changes as it flows
along a vector field X. For a scalar function f, the Lie derivative is just the directional
derivative:

ﬁXf:X<f)
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For a vector field Y, the Lie derivative is given by the commutator:
LxY =[X,)Y]
For a differential form w, the Lie derivative obeys Cartan’s formula:
Lxw =d(ixw) +ix(dw)

Here, ix denotes the interior product (contraction) with X, and d is the exterior deriva-
tive.

The Lie derivative preserves the geometric meaning of a field under flow, and is
coordinate-independent. It plays a central role in symmetries, conservation laws, and
the formulation of physical theories on manifolds.

3.5 Tensors

Let V be a vector space. The dual space V* is defined as the set of all linear maps from
V — R. That is,
V*:i={w:V — R | w is linear}.

This mirrors the familiar bra-ket notation from quantum mechanics, where bras (¢| € H*
act on kets [¢) € H via (¢[yv) € C.
Given a basis {e,} for V, the dual basis {f*} for V* is defined by

fren) = Oy

A vector X € V can be expressed as X = X*e,, and its action under f” € V* gives
fr(X) =X

Although V = V* in finite dimensions, this identification is basis dependent. In con-
trast, the double dual (V*)* is canonically isomorphic to V' in a natural, basis-independent
way.

A tensor is a multilinear map involving both vectors and covectors. Formally, a tensor
of type (k,¢) is a multilinear map

T:y*x~--xVixVx-~~x‘{—>R.

Vv Vo
k times £ times

The space of such tensors is denoted Tj (V).

Tensors transform under changes of basis in a well-defined way and include familiar
objects such as: - Scalars: type (0,0) - Vectors: type (1,0) - Covectors (dual vectors):
type (0, 1) - Linear maps (e.g., matrices): type (1,1) - Bilinear forms: type (0, 2)

Given a basis {e,,} for V and dual basis { f*}, any tensor 7' € TF(V) can be expressed
as

T:Til.::-ulzkeﬂl®”.®ellk®f’/1®'”®fwv

where the coefficients T/~ € R specify the tensor in components.

This framework extends naturally to tensors on manifolds, where each tangent space
T,(M) and cotangent space T(M) give rise to tensor fields defined pointwise over the
manifold.
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3.5.1 Covectors and One-Forms

At each point p € M, the cotangent space T;‘(M ) is the dual space to the tangent space
T,(M). Elements of T;(M) are called covectors or one-forms. Given a basis {e,} for
T,(M), the dual basis {dxz"} satisfies

dz*(e,) = o

v

Any one-form w € T;(M) can be written as w = w,da".

A one-form field assigns a covector to every point p € M smoothly. The collection of
all one-forms on M is denoted A'(M).

A canonical example comes from the differential of a smooth function f € C*(M),
defined by

df (X) := X(f),

for any vector field X. In coordinates, this takes the form

of

Under a change of coordinates z#* — ¥, one-forms transform covariantly:

895“ ~y ~ ~v
dxt = —dz”, so that w = w,dz" = ©,dz",
tokind H
with
- ozt
Wy = @wu.

This covariant transformation is the dual behavior to the contravariant transformation
of vectors. The index placement in w,, (subscript) reflects this covariance.

Lie Derivatives and Pull-Backs of One-Forms

Just as vector fields can be pushed forward under a smooth map ¢ : M — N, one-forms
behave oppositely: they are pulled back. Given a one-form w € AY(N), the pull-back
¢*w € A(M) is defined by

(¢"w)(X) = w($.X)

for any vector field X € X(M). In coordinates, with z* on M and y* on N, we have
oy~

(QZS*CO)H = wa%.

To define the Lie derivative of a one-form w along a vector field X, we use the flow

o, generated by X. The Lie derivative is then:

Lo = lim ()0 =
X t—0 '

Using the expansion of o;dz*, we find:

I
Lx(dat) = %;(V dx”,

and for a general one-form w = w,dx*, the Lie derivative becomes:

Lxw = (X"O,w, + w,0,X")dx".
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Tensors and Tensor Fields

On a manifold M, we already have the tangent space T,,(M) and its dual, the cotangent
space T;(M ) at each point p € M. A tensor at p is a multilinear map that eats vectors
and covectors and spits out real numbers.

More precisely, a (k, £)-tensor at p is a multilinear map

T:T;(M)x---xT;(MZpr(M) X - xT,(M)— R.

S/

Vo VvV
k times ¢ times

This object is linear in each slot. Tensors of type (1,0) are vectors, and (0, 1) are one-
forms. A (0,2)-tensor is a bilinear form, while a (1, 1)-tensor acts like a linear map from
vectors to vectors.

In a local coordinate system {z*#}, we define a basis of vector fields {a%} and one-
forms {dx*}. A (k,{)-tensor T can then be expanded as

T = Tmmmci Q- ®

VLV i Dh

Rdx" ® -+ ® dx™,

where T/ !¢ are smooth functions on M called the components of the tensor.

A tensor field is a smooth assignment of such a tensor to each point on M. The set
of all (k,¢)-tensor fields is denoted T, (M).

Under coordinate transformations, tensor components transform via:

] ) iz v
bty Oatr Oz Qx O™
7 Ot Otk axyi al,,/z vi..vg

This ensures that the full tensor expression is coordinate-independent even though its
components change.

Tensors are the backbone of general relativity, where key physical quantities like the
metric, energy-momentum tensor, and curvature are all tensor fields.

The Identity Tensor. Every manifold comes equipped with a natural (1,1)-tensor
field J, known as the identity tensor. It acts by pairing a one-form w € T;(M) and a
vector X € T,(M) to return a real number:

d(w, X) = w(X).
In a coordinate basis, this corresponds to
o(f* en) = fH(en) =0y,

where f# = da* and e, = 0/0z”. This is simply the Kronecker delta, enforcing the
duality between vectors and covectors.

Operations on Tensor Fields

There are several standard operations that can be performed on tensor fields. Below we
list the most important ones along with their coordinate expressions.
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1. Tensor Product. Given a (k,{) tensor field 7" and a (m,n) tensor field S, their
tensor product T'® S is a (k + m, £ + n) tensor field defined by

(T®S)(W1> ey Whgmy X1, - - >X€+n) = T(wl, ey Wy X 7X£)'S(Wk+1a ey Whtmy Xeg1s - - -

In local coordinates, if T'= T} ix and S = Sg!g™, then

(T @ ) t-sem s gon-am,

vi..v¢B1...0n V...V

2. Contraction. Contraction reduces the valence of a tensor by contracting one upper
and one lower index. For example, given a (1,1) tensor 7', the trace is the scalar

Te(T) = TP

In general, for a (k, () tensor T}/ contraction over p; and v; gives a (k — 1,0 — 1)
tensor.

3. Pull-back and Push-forward. Let ¢ : M — N be a smooth map between mani-
folds.
Push-forward of a vector field:

_ (W ) 9
%= (55 ) o

Pull-back of a one-form:

(p*w)p = (g—;j:wa> daxt.

These operations extend naturally to higher-rank tensors by linearly acting on each
index.

4. Lie Derivative. The Lie derivative LxT of a tensor field T" with respect to a vector
field X measures the change of T" along the flow generated by X.
Ezxample: If w = w,dz" is a one-form, then

Lxw=X"0w,+w,d,X" = (Lxw),=X"0w,+w,0,X".
For a vector field Y = Y*0,,,

[LxY]" = X"0,Y" —Y"9,X"

5. Index Raising and Lowering. Once a metric g, is introduced (in Section 3), we
can raise or lower indices. For instance:

Y, =9.Y", Y# = g"y,.
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6. Symmetrization and Antisymmetrization. Given a tensor 7},,, we can define:
1

Thw) = i(T,W +T,,) (Symmetric part),

1
Ty = i(T’“’ —T,,) (Antisymmetric part).

These operations are fundamental in defining objects such as the electromagnetic field
tensor, Riemann curvature, and differential forms.

These operations allow us to construct, transform, and interpret tensorial quantities
on a manifold in a coordinate-invariant way.

3.6 Differential Forms

Differential forms provide a general framework for integration on manifolds and encode
geometrical and physical data in a coordinate-independent way. They are antisymmetric
tensor fields built from the cotangent bundle.

3.6.1 Definition

A differential k-form on a smooth manifold M is a totally antisymmetric (0, k) tensor

field. That is,
k
we A (M):=T (/\ T*M) .

Locally, in a chart (z*), a differential k-form can be written as

1
W= =Wy dxtt N A datE

k!

where the components w,, ., are smooth and totally antisymmetric.

-

3.6.2 'Wedge Product
The wedge product A is an associative, bilinear, and antisymmetric product on forms:
we A (M), ne AN (M) = waAne AT (M),
satisfying
wAn=(—1)"nAw.

In coordinates, this product combines forms with antisymmetrized tensor products of the
da*.
3.6.3 Exterior Derivative
The exterior derivative d : A¥(M) — A*(M) satisfies:

e d(f)=df for f € C>(M),

o &> =0,

o dlwAn)=dwAn+ (=1)*w A dn for w € A¥(M).

The operator d gives the de Rham complex and encodes the notion of differential without
reliance on a metric.
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3.6.4 Closed and Exact Forms
A form w is:

e Closed if dw = 0,

e Exact if w = da for some a.

Every exact form is closed (since d? = 0), but not every closed form is exact. This leads
to the de Rham cohomology:

_ker(d : AP — AR

Cim(d : AR AR

HgR(M) :

3.6.5 Pullback of Forms

Given a smooth map ¢ : M — N and a form w € A¥(N), the pullback ¢*w € A¥(M) is
defined such that

(P*wW)( X1y, Xi) = w(PuXa, ..., 0uXp).

In coordinates, the pullback acts as:

3.6.6 Applications in Physics
Differential forms appear widely in modern theoretical physics:

e The electromagnetic field strength is a closed 2-form F' = dA.

e Conservation of charge: d*xJ = 0, where J is the current 1-form and x is the Hodge
dual.

e General Relativity uses differential forms to express curvature and volume integrals
in coordinate-free language.
3.6.7 Differential Forms in Electromagnetism and Thermodynamics
Differential forms provide a natural language for expressing fundamental laws of physics
in a coordinate-free and geometrically meaningful way.
Electromagnetism: The electromagnetic potential is encoded in a 1-form A € A'(M),
from which the field strength 2-form is constructed:
F=dAe N*(M)
This automatically satisfies the homogeneous Maxwell equations:
dF =0
The inhomogeneous Maxwell equations are written in terms of the Hodge dual:
dxF =xJ

where J € A'(M) is the current 1-form and x denotes the Hodge star operator, defined
via the spacetime metric.
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Thermodynamics: In thermodynamics, differential forms can describe the structure
of state spaces and thermodynamic processes.

A common example is the first law of thermodynamics, which can be encoded as a
1-form:

0 =dU —TdS + PdV

where 6 € A'(M) represents the infinitesimal heat/work exchange, U is internal energy,
T is temperature, S is entropy, and P,V are pressure and volume. The condition for
a thermodynamic system to be in equilibrium corresponds to the integrability condition
0 =0.

Moreover, contact geometry generalizes this setup using a contact 1-form on a ther-
modynamic phase space, allowing the formulation of Legendre transforms and the ther-
modynamic potential hierarchy.

Differential forms thus serve as powerful tools in expressing physical laws with clarity
and geometric insight.

3.7 Integration on Manifolds

Integration on manifolds generalizes the familiar notions of line, surface, and volume inte-
grals from calculus. To define integration in a coordinate-free way, we rely on differential
forms.

3.7.1 Integrating over Submanifolds

Let w € A*(M) be a differential k-form, and let S C M be an oriented k-dimensional
submanifold. The integral of w over S is defined as:

[

This is a natural generalization of vector calculus: 1-forms integrate along curves, 2-forms
over surfaces, and so on. The orientation of S is necessary for the sign of the integral to
be well-defined.

3.7.2 Stokes’ Theorem

Stokes” Theorem provides a unifying framework for many classical theorems such as the
fundamental theorem of calculus, Green’s theorem, Gauss’ divergence theorem, and the
classical Stokes’ theorem. It states:
/ dw = / w
s as

Here S is an oriented (k + 1)-dimensional submanifold, w € A*(M), and S denotes the
boundary of S, which is naturally oriented.

This theorem is valid in any dimension and does not require coordinates. It is truly
the cornerstone of differential geometry and topology.
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3.7.3 The Mother of All Integral Theorems

Stokes” Theorem is often called “The Mother of All Integral Theorems” because it gen-
eralizes:

e Fundamental Theorem of Calculus: fab f(x)dz = f(b) — f(a)
e Green’s Theorem: [, (% — ‘?)—];) dzdy = ¢,, Pdx + Qdy
e Divergence Theorem: [[[ (V- F)dv = I o F-dS

o Classical Stokes’ Theorem: [[,(V x F)-dS = §, F -dr

All of these are special cases of the single, elegant principle:

/dw:/w
s as

This formulation underscores the deep relationship between differentiation (via d) and
integration, and is one of the most profound ideas in modern geometry and physics.

4 Riemannian Geometry and the Metric

To measure lengths, angles, and volumes on a manifold, we introduce a new structure: a
metric. This turns our differentiable manifold into a Riemannian manifold.

4.1 The Metric Tensor
A Riemannian metric g on a manifold M is a smooth assignment of an inner product
gp : T,M x T,M — R
at each point p € M, such that:
e g, is bilinear and symmetric.
e g,(X,X) >0 for all non-zero X € T,M (positive-definite).
In local coordinates {x*}, the metric is written as a symmetric 2-tensor:
9= () da" @ dz”

The components g,,, define a symmetric matrix that varies smoothly across the manifold.

4.2 Measuring with the Metric
Once we have a metric, we can compute:
e Lengths of tangent vectors: || X| = 1/g(X, X)

9(X,Y)

e Angles between vectors: cosf = W
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e Lengths of curves: For a smooth curve v(t), a <t < b,

dxH dxv

Length('y) :/ guuﬁﬁ

e Volumes via the volume form:
dV = +/det gdz* ANdz® A -+ A da™

4.2.1 Properties of the Metric

A metric g is a (0, 2) tensor field on a manifold M that allows us to define lengths and
angles. It satisfies:

e Symmetry: g(X,Y)=g(Y,X) for all XY € T,M
e Non-degeneracy: If g(X,Y) =0 for all Y, then X =0
In local coordinates, the metric takes the form
9= gu(x)da" @ dz”
which is often abbreviated via the line element
ds® = g, (v) dz"dz”

The components g, can be extracted by evaluating the metric on basis vectors:

o 0
92 =9\ o’ o

The metric matrix g, is symmetric and, by Sylvester’s law of inertia, it can always
be diagonalized at a point with a fixed number of positive and negative eigenvalues. This
leads to the definition of the signature of the metric:

e Riemannian: All positive (e.g., (++ +))
e Lorentzian: One negative, rest positive (e.g., (— + ++))
4.2.2 Riemannian Manifolds
A Riemannian manifold is a smooth manifold M equipped with a metric g that is:

e Positive-definite: g(X, X) > 0 for all non-zero X € T,M

This condition ensures that all distances and angles measured by g are real and non-
negative. The metric defines:

e Length of a vector: || X|| = /g(X, X)

e Angle between vectors: via the inner product g(X,Y)
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e Length of a curve: For a path «(t), the length is
b
Lb) = [ Vel Aoy

e Geodesic distance: The distance between points p, g € M is the infimum of L[]
over all paths v from p to ¢

In contrast, a Lorentzian manifold allows g(X, X) to be negative for some X, as
in general relativity. Unless otherwise stated, we take all metrics to be Riemannian from
here on.

4.2.3 Lorentzian Manifolds

A Lorentzian manifold is a smooth manifold M equipped with a metric g of signa-
ture (—, +, 4+, +,...). Unlike Riemannian metrics, the Lorentzian metric is not positive-
definite.

This means for a tangent vector X € T,,M, the norm g(X, X)) can be:

e Timelike if g(X, X) <0
e Null (or lightlike) if g(X, X) =0and X #0
e Spacelike if g(X, X) >0

This classification allows us to model causal structure and the behavior of light and
matter in spacetime. In particular:

e Lorentzian manifolds provide the geometric framework of general relativity.

e Timelike and null vectors define allowable worldlines for massive and massless par-
ticles, respectively.

The standard model of 4-dimensional spacetime in general relativity is a 4-dimensional
Lorentzian manifold with signature (—, 4, +, +).

The Metric as an Isomorphism

The metric ¢g defines a natural isomorphism between the tangent and cotangent spaces
of a manifold M. This allows us to convert vectors to covectors and vice versa using the
metric components.

Lowering an Index (Vector to Covector): Given a vector field X = X*0,, we can
associate to it a one-form (also called a covector) via the metric:

X, =g X" = X =X,dz"

This operation is sometimes called the flat map, or the musical isomorphism b.
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Raising an Index (Covector to Vector): Conversely, given a one-form w = w, dz*,
we can associate a vector field using the inverse metric g"":

wh = g™w, = W = Wt Oy

This operation is called the sharp map, denoted .

Non-Degeneracy: These maps are only possible because the metric g is non-degenerate,
meaning ¢, has an inverse g"”. This guarantees a one-to-one correspondence between
vectors and covectors.

The Volume Form

Once a metric g is introduced on a smooth n-dimensional manifold M, it defines a natural
volume form — a top-degree differential form that allows us to measure volume.
Let {z',..., 2"} be local coordinates and the metric written as

9= gu(r)de" @ dx”

Then the volume form is given by

vol, = /| det g| dz* Adz® A -+ A da”

where:
e det g is the determinant of the matrix [g,,],
e The square root /| det g| ensures correct transformation under coordinate changes.

This volume form allows us to integrate scalar functions f € C°(M) over M as:

| 1wl

Given a Riemannian or Lorentzian manifold (M, g) of dimension n, the Hodge dual is
an isomorphism

4.2.4 The Hodge Dual

w0 AP(M) — A"P(M)

that maps a p-form to an (n—p)-form. It depends on both the metric g and the orientation
of M.

Let {#',...,0"} be an oriented orthonormal coframe at a point p € M. Then the
Hodge dual of a simple p-form ' '

w=0"N---NO"
is given by
50 = € B A A

where € is the totally antisymmetric Levi-Civita symbol and indices are raised and lowered
using the metric g.
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In local coordinates, for a general p-form

1
w= ];wmm#pdx”l Ao Ndxtr
the Hodge dual is
\/ | det
*W = —| d WP e v, T N Nd

pl(n —p)!
Properties:

e «xw = (—1)?"P)y for Riemannian metrics.

e The Hodge star allows one to define an inner product on forms:

= [ o

e The Hodge star is central in defining codifferentials and Laplace operators on dif-
ferential forms.

4.2.5 A Sniff of Hodge Theory and Hodge’s Theorem

Let (M, g) be a compact, oriented Riemannian manifold. The Hodge star operator x and
the exterior derivative d allow us to define the codifferential § by

§ = (=1t o dx : AP(M) — AP~ (M)
Using this, we define the Laplace—de Rham operator as
A= dd+ dd
A p-form w € AP(M) is called harmonic if
Aw =10
The set of all harmonic p-forms on M is denoted
HP (M) :={w e AP(M) | Aw =0}
Hodge’s Theorem. On any compact, oriented Riemannian manifold M, there is an

isomorphism:

HP(M) = Hag (M)

where HE. (M) is the p-th de Rham cohomology group.
This result implies that every cohomology class has a unique harmonic representative.
Moreover, the Betti numbers b,, which are defined as

b, := dim HY (M)
can equivalently be computed as the number of linearly independent harmonic p-forms:
b, = dim HP (M)

Hodge theory thus provides a powerful link between differential geometry, analysis, and
topology.
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4.3 Connections and Curvature

Vector fields act as differential operators on smooth functions, giving us a natural notion
of differentiation: X (f). However, for general tensor fields, differentiating is more sub-
tle. Tensors at different points live in distinct vector spaces, so they cannot be directly
subtracted or compared.

To make sense of differentiation on a manifold, we introduce a new structure called
a connection. A connection defines a rule for comparing vectors at nearby points and
allows us to differentiate tensor fields in a way that respects both smoothness and geom-
etry.

This leads to the concept of the covariant derivative. Given vector fields X and Y,
the covariant derivative of Y along X is denoted

VxY
and satisfies the following key properties:
e Linearity in both X and Y.
e Leibniz rule: Vx(fY) = X(f)Y + fVxY for f € C(M).
e Tensorial in X: V;xY = fVxY.

The covariant derivative generalizes directional derivatives from flat space to curved
manifolds. It is a crucial tool in defining curvature and geodesics, and is foundational to
Riemannian geometry and general relativity.

4.3.1 The Covariant Derivative

The covariant derivative provides a way to differentiate tensor fields on a manifold in a
manner that respects the manifold’s geometric structure. Unlike partial derivatives, which
depend on a coordinate chart, the covariant derivative incorporates additional geometric
data — a connection — to ensure that the derivative is well-defined under changes of
coordinates.

Given a vector field X and a tensor field T', the covariant derivative of T along X
is denoted VxT. The operation V takes as input a vector field and a tensor field and
returns another tensor field of the same type as 7.

For vector fields X,Y, the covariant derivative VxY is again a vector field, and it
must satisfy the following axioms:

1. Linearity in the direction vector field:
VixigyZ = fVxZ +gVyZ for f,g € C*(M)
2. Leibniz rule (product rule):
Vx(fY) = X())Y + fVxY  for f € C=(M)

3. Tensoriality in the lower slot:

VXf:X(f)

for f € C*(M), recovering the usual derivative of a function.
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In Coordinates: Let {2/} be a local coordinate system and {8%} the associated
coordinate basis. The covariant derivative of the basis vector fields is given by

d\ o 0
Vv<@>—%w

where Fﬁu are the connection coefficients or Christoffel symbols.

Given a vector field V' = V“%, the covariant derivative in the direction 0, is:

V,VE=8,Vh £ T VP

This shows that the covariant derivative differs from the partial derivative by an extra
term involving the Christoffel symbols, which account for the curvature or twisting of the
manifold.

Covariant Derivative of General Tensors: For a (k,[)-tensor field T/, the co-
variant derivative is defined as:

Y, THbe — g TH bk ZFM TR A

vi...rp vi.../p vi...y

_ E A B #k
Fpl/JTyl ......

Each upper index gets a 4+ Christoffel term, and each lower index gets a — Christoffel
term. This structure ensures that V preserves tensorial transformation rules.

Interpretation: The covariant derivative can be viewed as the rate of change of a
tensor field with respect to a given vector direction, while taking into account the under-
lying geometry of the manifold. This operation allows us to define concepts like parallel
transport, geodesics, curvature, and more.

Remark: On a manifold equipped with a metric g, there exists a unique connection
— the Levi-Civita connection — that is compatible with the metric (i.e., Vg = 0) and
torsion-free. This is the connection used in Riemannian and Lorentzian geometry.

4.3.2 The Connection is Not a Tensor

Although the covariant derivative involves objects called connection coefficients (or Christof-
fel symbols), it is important to note that these do not transform as tensors under coor-
dinate changes.

To see this, consider the Christoffel symbols F/);V defined through the action of the
covariant derivative on a vector field V#:

V,VE=0,V* 4+ Th VP

If T ) were the components of a (1,2)-tensor, then under a coordinate transformation
" — 2%, they would obey the usual tensorial transformation law:

~ o0z® 0z OxP

«

BY ™ Duk 078 i ”
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However, this is not the transformation law that I'}, follows. Instead, under a change
of coordinates, the Christoffel symbols pick up an additional inhomogeneous term:
=, 0% 0x¥ Oxf_ 01 O’xt
P Qur 03B 037 P Oat 03807

The second term, involving second derivatives of the coordinate transformation, is
what disqualifies the Christoffel symbols from being tensor components.

Conclusion: The connection is a rule for differentiating tensor fields that depends on
the chosen coordinate system or frame. Its transformation law reveals that it is not a
tensor. However, combinations of Christoffel symbols — such as in the Riemann curvature
tensor — can yield true tensorial objects.

4.3.3 The Connection is Not a Tensor

Although the covariant derivative involves objects called connection coefficients (or Christof-
fel symbols), it is important to note that these do not transform as tensors under coor-
dinate changes.

To see this, consider the Christoffel symbols Fi‘w defined through the action of the
covariant derivative on a vector field V#:

V,VE=8,Vh T8 VP

If T ) were the components of a (1,2)-tensor, then under a coordinate transformation
x* — 1, they would obey the usual tensorial transformation law:

=, 0x%0z” OxP

By Qam 9B Oz VP

However, this is not the transformation law that I'} ) follows. Instead, under a change
of coordinates, the Christoffel symbols pick up an additional inhomogeneous term:
=, 0% 02" Ox"_, N oz O*xt
P1 T Qar 938 057 P Ok DTPOTY

The second term, involving second derivatives of the coordinate transformation, is
what disqualifies the Christoffel symbols from being tensor components.

Conclusion: The connection is a rule for differentiating tensor fields that depends on
the chosen coordinate system or frame. Its transformation law reveals that it is not a
tensor. However, combinations of Christoffel symbols — such as in the Riemann curvature
tensor — can yield true tensorial objects.

4.3.4 Torsion and Curvature

Even though the connection itself is not a tensor, we can use it to build two important
objects that are tensors: the torsion and the curvature.
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Torsion: The torsion tensor T is a (1,2) tensor defined as the antisymmetric part of
the connection when acting on vector fields:

T(X,Y):=VxY — VyX — [X,Y]

Here, X and Y are vector fields, VxY is the covariant derivative of Y along X, and
[X,Y] is the Lie bracket.
In a coordinate basis {0, }, the torsion components are:

Tiw =T = T,
A connection is said to be torsion-free if 7%, = 0.

Curvature: The curvature tensor R is a (1, 3) tensor that measures the non-commutativity
of covariant derivatives:

R(X, Y)Z = VvaZ — VyVXZ — V[X,Y]Z
In a coordinate basis, the components of the Riemann curvature tensor are:

_ A A
Rpo;w - aﬂrzp/a - aVFZO’ + FZAFVU - FﬁAF,uJ

Remarks:

e The torsion tensor vanishes for the Levi-Civita connection, which is the unique
connection that is both torsion-free and metric-compatible.

e The Riemann tensor plays a central role in General Relativity, encapsulating the
gravitational field in Einstein’s equations.

4.3.5 The Ricci Identity

The Ricci identity describes how the covariant derivatives of tensor fields fail to commute
due to curvature.

Let X* be a vector field. Then, the commutator of covariant derivatives acting on
X* gives:

(V.V, =V, V,) X* = R} X?

More generally, for a (r, s) tensor field 75! 5", we have:

T S
Qq..Qp i Qat...p...0p P al...Q
Vo VTG = 3 RO TEE =y R Ta
i=1 j=1

Each index of the tensor contributes a curvature term: upper indices (contravariant)
rotate with +R, while lower indices (covariant) rotate with —R.

This identity is a powerful tool in differential geometry and plays a fundamental role
in deriving various geometric and physical results, including those in General Relativity.
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4.3.6 The Ricci Identity

The Ricci identity describes how the covariant derivatives of tensor fields fail to commute
due to curvature.

Let X* be a vector field. Then, the commutator of covariant derivatives acting on
X gives:
(VuVy =V, V) X =R XP

More generally, for a (r, s) tensor field T 5", we have

Q.. ar o 041~~-P--~Oér P To1--0r
[VWV T ZR PMV ZRﬁJW B1...p---Bs

Each index of the tensor contributes a curvature term: upper indices (contravariant)
rotate with +R, while lower indices (covariant) rotate with —R.

This identity is a powerful tool in differential geometry and plays a fundamental role
in deriving various geometric and physical results, including those in General Relativity.

4.3.7 The Levi-Civita Connection

When a manifold M is equipped with a metric g, it is natural to ask whether we can
define a connection that interacts nicely with the geometry that g provides.

[Fundamental Theorem of Riemannian Geometry] Let (M, g) be a smooth manifold
with a metric g. There exists a unique connection V such that:

1. Metric Compatibility: The covariant derivative of the metric vanishes:

Vxg =0 for all vector fields X.

This ensures that the inner product between vectors is preserved under parallel
transport.

2. Torsion-Free: The connection is symmetric in the sense that its torsion vanishes:
T(X,)Y)=VxY -VyX —[X,Y] =0.
This unique connection is called the Levi-Civita connection.

Coordinate Expression. In a local coordinate system {z*}, the Levi-Civita connec-
tion is given by the Christoffel symbols:

1
F/);V = §gAp (0uGvp + OvGup — OpGyuw)

These symbols determine how vectors are parallel transported and how covariant
derivatives act.

Example 1: Euclidean Space. Consider R" with the flat metric g,, = 6,,. Then all
derivatives 0,9,, = 0, so:

A
I, =0
In this case, the Levi-Civita connection corresponds to the usual directional derivative:

VxY = X(Y).
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Example 2: The 2-Sphere S%. The unit sphere in R* with standard coordinates
(0, ) has the metric:
ds? = df? + sin® 6 d¢*

The non-zero Christoffel symbols are:
FZ¢ = —sinfcos ¥, ng) = Fie = cot 0

These define how vectors change as they move along the sphere, and are essential in
computing geodesics (like great circles) and curvature on S2.

Example 3: Minkowski Spacetime. In special relativity, spacetime is modeled as
R* with metric:
ds? = —dt* + dz? + dy® + d2?

Here too, all metric components are constant, so the Christoffel symbols vanish and the
Levi-Civita connection is flat.

These examples show how the Levi-Civita connection generalizes ordinary differenti-
ation in flat space to curved geometries, while preserving inner products and being free
of torsion.

4.3.8 The Divergence Theorem

Let M be an n-dimensional oriented Riemannian manifold with boundary 0M, equipped
with a metric g. Let X be a smooth vector field on M. Then the divergence theorem
relates the integral of the divergence of X over M to a flux integral of X over the boundary
OM:

[Divergence Theorem] Let X be a vector field on M, and let v denote the outward-
pointing unit normal to the boundary dM. Then

/M(V-X)volg:/ g(X,v)voly,

oM

Here:
e V- X is the divergence of the vector field X.
e vol, is the volume form on M induced by the metric g.
e voly, is the induced volume form on the boundary OM.

e g(X,v) is the inner product of the vector field X with the unit normal v.

Example (Euclidean R?*): Instandard R® with the flat metric, the divergence theorem
becomes the familiar statement:

/(v-ﬁ)d%:/ F-ndS
14 oV

where F is a vector field, n is the outward unit normal vector on the surface 9V, and dS
is the surface element.
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4.3.9 The Maxwell Action

The dynamics of the electromagnetic field can be elegantly described using differential
forms. Let F' be the electromagnetic field strength 2-form on a Lorentzian manifold
(M, g). That is,

F=dA

where A is the electromagnetic potential 1-form.
The Maxwell action is given by:

1
S:——/F/\*F
4 Jm

Here:

e F'is the Faraday 2-form (field strength),
e xF'is the Hodge dual of F' with respect to the Lorentzian metric g,

o ' N %F is a top-degree 4-form, which can be integrated over the 4-dimensional
spacetime manifold M.

Variation and Equations of Motion. Varying the action with respect to the poten-
tial 1-form A gives:

55':—/ AN+ F
M

Setting this variation to zero for arbitrary 0 A yields Maxwell’s equations in the absence
of sources:

dxF =0
The other half of Maxwell’s equations follows from the definition F' = dA, namely:
dFF =0

which is a Bianchi identity.
This formalism highlights the geometric nature of electrodynamics and is particularly
powerful in general relativistic contexts.

4.3.10 Electric and Magnetic Charges & Maxwell’s Equations via Connec-
tions

In the language of differential geometry, the electromagnetic field strength is a 2-form
F € A*(M) defined on a Lorentzian manifold (M, g). It is given in terms of the gauge
potential (a 1-form) A as:

F=dA

This automatically implies the **Bianchi identity** (or the absence of magnetic monopoles):
dFF =0

To incorporate electric sources, we introduce the **Hodge star®* x associated with
the metric g. Maxwell’s equations with electric current 3-form J then read:

d*xF =%J

This formulation implies:
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e dF' = ( corresponds to the absence of magnetic monopoles.

e d* I = %J gives the inhomogeneous Maxwell equations (Gauss’s law and Ampere’s
law).

Electric and Magnetic Charges. Given a spacelike hypersurface 3, the total electric
charge Q). enclosed in a region is:

Q. = / *J = / *F
by o%
by Stokes’ theorem.

Similarly, if magnetic monopoles existed, a magnetic current 3-form J,,, would modify
the Bianchi identity:
dF = *J,, and dxF =%J

Then the magnetic charge through a spatial 2-sphere S? would be:

Q’":/st

Maxwell’s Equations via Connection on a U(1)-Bundle. More generally, A can
be viewed as a connection 1-form on a principal U(1)-bundle over M, and the curvature
of this connection is:

F=dA

This viewpoint naturally incorporates gauge invariance:
A—A+d\ = F~—F

where A is a scalar function (0-form). The field strength F is gauge-invariant and defines
the physical observable.

This geometric formulation of electromagnetism becomes especially powerful when
discussing topological effects (like Aharonov—Bohm) or generalizing to non-Abelian gauge
theories.

4.3.11 Parallel Transport

Given a connection V on a manifold M, we can define how vectors are "moved” along
curves in a way that preserves their direction relative to the connection. This process is
called parallel transport.

Let v : [0,1] — M be a smooth curve with v(0) = p and v(1) = ¢. A vector field V (¢)
along the curve 7 is said to be parallel transported if it satisfies:

ViV (t) =0

Here, (t) is the tangent vector to the curve at point v(¢), and V. is the covariant
derivative along the curve.

In coordinates, suppose V() = V#(t)32: and 4(t) = %% then the parallel trans-
port condition becomes a first-order ODE:
avH dz”
— 4+ 1% VP =0
TR
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Interpretation. This equation governs how vector components change as they are
moved along the curve ~, taking into account the curvature and torsion (if present) of
the underlying space through the connection coefficients I'; .

Properties.

e Parallel transport preserves the length and angle between vectors if the connection
is compatible with a metric (i.e., Vg = 0).

e On curved manifolds, parallel transport around a closed loop generally depends on
the path, a manifestation of curvature.

e This path-dependence is quantified by the Riemann curvature tensor.

4.3.12 Geodesics Revisited

A geodesic is a curve y(7) on a manifold M that represents the straightest possible path
with respect to a given connection V. Formally, it satisfies the condition:

Viy =0

where ¥ = % is the tangent vector to the curve. This expresses that the tangent vector
is parallel transported along the curve itself.
In a local coordinate system {x*}, the geodesic equation becomes:

d?xH , dx’da?
dr? P dr dr

This is a second-order differential equation for the coordinate functions z#(7). A curve
satisfying this equation is said to be affinely parameterised.

Angle Preservation under Parallel Transport. Let X = ¥4 be the tangent vector
along a geodesic (7). If Y(7) is a vector field that is parallel transported along the
geodesic, i.e. VxY = 0, then the metric compatibility of the Levi-Civita connection
(Vg = 0) implies:

d

Eg(Xa Y)=9(VxX,Y)+g(X,VxY) =0

since both VxX = 0 and VxY = 0 along the geodesic. Therefore, the inner product
g(X,Y) is constant along the curve:

g(X(7),Y (7)) = constant

This result implies that the angle between Y and the tangent vector X remains unchanged
as they are transported along the geodesic.

Summary. Geodesics are the curves of extremal length (or stationary action) and rep-
resent the paths that particles follow when moving under no external forces in curved
spacetime. The Levi-Civita connection ensures both metric compatibility and torsion-free
transport, making it the natural tool to define geodesics in Riemannian and Lorentzian
geometry.
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4.3.13 Normal Coordinates and the Exponential Map

Given a point p € M on a smooth manifold equipped with a connection V, we can
construct a particularly useful coordinate system around p called normal coordinates.
These coordinates make computations near p especially simple.

The construction is based on the exponential map.

Exponential Map. Let T,M denote the tangent space at p. For each vector v € T,M,
consider the unique geodesic 7,(7) satisfying:

2(0) =p, 3ul0) =0

The exponential map at p is defined as:

expp(v) =, (1)

This maps a neighborhood of the origin in 7, M diffeomorphically onto a neighborhood
of pin M. The exponential map allows us to use vectors in T,M to label points in M
near p.

Normal Coordinates. Using a basis {e,} of T,M, any vector v € T,M can be written
as v = v'e,. The coordinates of the point exp,(v) are then defined to be x# = v*. These
coordinates are called normal coordinates centered at p.

In these coordinates:

o 21(p) = 0
® g,,(p) =0, (or 1, in the Lorentzian case)
=0,

o I (p) i.e., the Christoffel symbols vanish at p

Interpretation. Normal coordinates make the manifold locally flat at p up to first-
order derivatives. Although curvature still exists (i.e., second-order derivatives of the
metric are non-zero), the vanishing of the connection coefficients at p significantly sim-
plifies local calculations, such as Taylor expanding tensor fields or computing curvature
tensors.

4.3.14 Path Dependence: Curvature and Torsion

The connection on a manifold allows us to compare vectors at different points by trans-
porting them along curves. However, in general, this process depends on the path taken.
This failure of path-independence reveals deep geometrical structures of the manifold —
namely, the curvature and torsion.

Parallel Transport and Path Dependence. Let X be a vector field on a manifold
M with a connection V. Given a vector V, at a point p € M, we can define parallel
transport along a curve v : [0, 1] — M using the condition:

ViV (t) =0

If the manifold is flat and torsion-free, the result of parallel transport depends only on the
initial and final points of the curve. In general, however, parallel transporting a vector
around a closed loop may lead to a different vector, indicating the presence of curvature
and /or torsion.
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Curvature

The curvature measures the failure of second covariant derivatives to commute. For a
vector field Z and two vector fields X, Y, the Riemann curvature tensor R is defined as:

R(X,Y)Z =VxVyZ — VyVxZ — VixyZ

This tensor quantifies how much the vector Z is rotated or changed when transported
around an infinitesimal parallelogram spanned by X and Y.
In coordinates, the components of the Riemann tensor are:

— A A
Rpapu - aﬂrga - @VFZU + FZ/\FVJ - ng\r,uo

Torsion and Its Meaning

Torsion measures the failure of the connection to be symmetric in its lower indices. It is
defined as a (1,2) tensor T given by:

T(X,Y)=VxY —VyX — [X,Y]

If T' = 0, then the connection is said to be torsion-free. The Levi-Civita connection — the
unique connection compatible with the metric and torsion-free — satisfies this condition.
In a coordinate basis, the torsion tensor components are:

P _TP _TP
TW—FW Pvu

Interpretation of Torsion. - Curvature tells us that transporting a vector around a
loop results in a rotated vector. - Torsion tells us that two paths that should close (like a
parallelogram) fail to do so because the infinitesimal parallelogram does not close — its
endpoints differ by the torsion vector.

Torsion can be thought of as "twisting” of the coordinate grid itself. In the presence
of torsion, infinitesimal displacements do not commute:

[0, 0,] # 0

Summary.

e Curvature measures the failure to return to the original vector after parallel trans-
port around a loop.

e Torsion measures the failure of infinitesimal parallelograms to close.

e Both are geometric obstructions to flatness: curvature is about angle change, torsion
about positional offset.

4.3.15 Geodesic Deviation

The geodesic deviation equation describes how nearby geodesics on a manifold deviate
from each other in the presence of curvature. It encodes tidal effects in general relativity
and is governed by the Riemann curvature tensor.
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Let v(7) be a geodesic with tangent vector T' = £ = 4(7). Consider a one-parameter
family of nearby geodesics, and define the separation vector field between neighboring
geodesics as J(7) — known as the Jacobi field.

The geodesic deviation equation is then:

D2 JH
Dr?

+ R, T"JT? =0
or more compactly using covariant derivatives:

VeVed + R(T, )T =0

Interpretation. - J* describes the infinitesimal separation between neighboring geodesics.

. . . 2 Ju . . .
- The second covariant derivative DDT‘Q measures the relative acceleration between geodesics.

- The curvature term R¥, /7" J?T? encodes how the curvature of spacetime bends geodesics

toward or away from each other.

Physical Meaning. In general relativity, geodesic deviation corresponds to the pres-
ence of tidal forces. Two nearby freely falling particles in a gravitational field will accel-
erate relative to one another due to spacetime curvature. This is how curvature manifests
in physical measurements.

4.3.16 More on the Riemann Tensor and its Friends

When we lower an index on the Riemann tensor using the metric g,,,, we define the fully
covariant Riemann tensor as:

A
RO’p,LLI/ - gO’)\R pPUV
This object possesses several important symmetries:

e Antisymmetry in the last two indices:

Rapuu = - Ro’pu,u,

Antisymmetry in the first two indices:

Rapuu = _Rpauu

Symmetry under exchange of index pairs:

RO’ I/:RVO'
P pvop

First Bianchi identity (cyclic identity):
Rofpu) =0

which expands as
RUPMV + RUul/p + Ro‘upu =0
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Second Bianchi Identity. The Riemann tensor satisfies a differential identity known
as the second Bianchi identity:

VxR =0
Alternatively, using antisymmetrisation on the last indices:
Ropjun) = 0

These identities play a central role in the structure of general relativity. In particular,
they are instrumental in deriving the Einstein field equations from the Einstein—Hilbert
action.

4.4 Connection 1-Forms and Curvature 2-Forms

4.4.1 Vielbeins

On a smooth n-dimensional manifold M equipped with a metric g, we can introduce an
orthonormal frame of 1-forms {e®}, known as vielbeins (or frame fields), such that the
metric takes the form

g = Nab e’ ® eb
where 7, is the Minkowski (or Euclidean) metric depending on the signature of spacetime.
The vielbeins relate the coordinate basis dx* to an orthonormal basis via:

a

e* =€, dz" and its inverse dz! = e, e

where €, and e”, are inverse matrices.

4.4.2 Connection 1-Forms

To define parallel transport and curvature in the vielbein formalism, we introduce the
connection 1-forms w®, which are Lie-algebra-valued 1-forms encoding how frames
twist and rotate over the manifold. They satisfy the structure equation:

de® +wy Neb =T
where T* is the torsion 2-form. For the torsion-free (Levi-Civita) connection, this
reduces to the first Cartan structure equation:

de® +ws NeP =0
The connection 1-forms satisfy the antisymmetry property:

) . .
Wap = —Whe  With  wgp 1= Mg,

4.4.3 Curvature 2-Forms

The curvature is captured by the curvature 2-forms 2%, defined via the second Cartan
structure equation:
Q% = dw® + W AW,
These forms encode the Riemann curvature tensor in the frame basis. Specifically, the
Riemann tensor components can be recovered from:
1

QY = 3
Thus, the curvature 2-form expresses the infinitesimal holonomy: how much a vector
rotates after being parallely transported around an infinitesimal parallelogram.

R e A e
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4.4.4 Summary of Cartan’s Structure Equations

e First structure equation (torsion):
T = de” +w A e’
e Second structure equation (curvature):
Q% = dw’ + w?, AwS,

These equations form the foundation of the geometric interpretation of gravity in the
vielbein (tetrad) formalism, and are central to formulations like Einstein-Cartan theory
and gauge theories of gravity.

4.5 An Example: The Schwarzschild Metric

One of the most important exact solutions of Einstein’s equations is the Schwarzschild
metric. It describes the spacetime geometry outside a static, spherically symmetric, non-
rotating mass.

In Schwarzschild coordinates (¢,7,0, ¢), the line element is given by:

2GM 2GM\ !
d32:—(1— ¢ )dt2+(1— ¢ ) dr2+r2d92+r2sin29dgb2

r T

Here: - GG is the gravitational constant, - M is the mass of the central object, - r is the
radial coordinate, - # and ¢ are the usual angular coordinates on the sphere.
Key Features

e The coordinate singularity at r = 2G M is the Schwarzschild radius, often de-
noted r,. This defines the event horizon of a black hole.

e The curvature singularity is at » = 0, where tidal forces become infinite.

e In the limit » — oo, the spacetime becomes asymptotically flat:
ds® — —dt* 4+ dr® + r*(d6* + sin® 0 d¢*)

e The metric is static and spherically symmetric, meaning it has timelike Killing
vector 0, and rotational symmetry.

e The non-zero Christoffel symbols, Riemann tensor, Ricci tensor, and Einstein tensor
for this metric encode the vacuum nature (R,, = 0) of the spacetime outside the
mass.

Interpretation

This solution solves the vacuum Einstein equations R,, = 0, meaning it describes the
geometry of spacetime in a region where no matter is present, but a central mass curves
spacetime.

Important physical consequences:
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e Precession of planetary orbits (e.g., Mercury),
e Gravitational time dilation,
e Light bending near massive objects,

e Black hole physics, including event horizons and Hawking radiation (semi-classically).

4.6 The Relation to Yang—Mills Theory

There is a striking formal similarity between general relativity and Yang—Mills theory
when viewed through the lens of differential geometry and gauge theory.

In general relativity, the geometry of spacetime is encoded in the spin connection w?,
and curvature is described by the curvature 2-form:

Q% = dw? + W AW,
This is structurally analogous to the field strength F' in Yang—Mills theory:
F=dA+ANA

where A is the Lie-algebra-valued connection (gauge potential) for some internal symme-
try group.

Comparison Table

General Relativity Yang—Mills Theory
Gauge Group SO(n) or SO(1,n —1) | Compact Lie group (e.g., SU(N))
Connection Spin connection w? Gauge field A*
Curvature Q9 Field strength F**
Bianchi Identity DQ% =0 DF*=0
Action Einstein-Hilbert: [ R 1 Yang-Mills: [ Tr(F A «F)

This analogy reveals gravity as a kind of gauge theory, though with important differ-
ences: the ”gauge group” in gravity acts on the tangent bundle (spacetime itself), while
in Yang-Mills it acts on an internal vector space.

Remarks

e In gravity, the vielbein e* plays a dual role: it encodes both the metric and allows
coupling to spinors.

e In contrast to Yang—Mills theory, the spin connection in gravity is not an inde-
pendent field in the metric formalism—it is determined by e® via the torsion-free
condition.
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5 Einstein’s Equations

It is now time to do some physics. The force of gravity is mediated by a gravitational
field. The glory of general relativity is that this field is identified with a metric g, (z) on
a four-dimensional Lorentzian manifold that we call spacetime.

This metric is not fixed; it is, like all other fields in nature, a dynamical object. This
means that there are rules which govern how this field evolves in time. The purpose of
this section is to explore these rules and some of their consequences.

We will start by understanding the dynamics of the gravitational field in the absence
of any matter. We will then turn to understand how the gravitational field responds to
matter — or, more precisely, to energy and momentum — in Section 4.5.

5.1 The Einstein-Hilbert Action

All our fundamental theories of physics are described by action principles. Gravity is
no different. Furthermore, the straight-jacket of differential geometry places enormous
restrictions on the kind of action that we can write down. These restrictions ensure that
the action is something intrinsic to the metric itself, rather than depending on any choice
of coordinates.

Spacetime is a manifold M, equipped with a metric of Lorentzian signature. An
action is an integral over M. We know from Section 2.4.4 that we need a volume form
to integrate over a manifold. Happily, as we have seen, the metric provides a canonical
volume form, which we can multiply by any scalar quantity. Given that we only have the
metric to play with, the simplest such (non-trivial) quantity is the Ricci scalar R. This
motivates the wonderfully concise action

S:/ d*zv/—gR, (19)

known as the Finstein—Hilbert action. Note that the minus sign under the square root
appears because we are working in a Lorentzian spacetime, where the metric has a single
negative eigenvalue, making its determinant g = det g, negative.

As a quick sanity check, recall that the Ricci tensor takes the schematic form

R~OI+ 1T,
while the Levi-Civita connection itself is
I'~0g.

This means that the Einstein—Hilbert action is second order in derivatives, just like most
other fundamental action principles in physics.

5.2 Varying the Einstein—Hilbert Action

We now vary the Einstein—Hilbert action to obtain the FEuler-Lagrange equations.
We consider an infinitesimal shift in the metric:

gw(@ — g;w(x) + 59;“/(35) .
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Writing the Ricci scalar as R = g"” RR,,,,, the variation of the action is

0S5 = / d*x [§< % _Q)QWRW/_F\V _9(59W)RWJ+\V _QQW(SR/W] .
M -~

-

(a) () ©

It is convenient to work with variations of the inverse metric. The relation between
0g and 0gH is
Goug"" =0," = 09" = —g" 9" g5 -

We now compute the first term.

Claim. The variation of \/—g is
=9 = —5V=99u09"" .
This allows us to rewrite the first term as
0(v/=9)9" R = =3V =99 9" Ry 09" = =5/ =g R g 09" .
The second term is already in the desired form:
V=9(69"" )R = /=g R, 09" .

The final term, \/—gg"”0R,, , involves the variation of the Ricci tensor and can be
expressed as a total derivative:

V=99 6By, = V=gV, (9017, — 93T, ).

This term gives only a boundary contribution, which we can discard if we assume dg"” = 0
on the boundary of M.

Putting this together, the total variation is
05 = / d'z vy [RMV - %Rguu og™.
M

Requiring 05 = 0 for arbitrary dg"” gives the vacuum Einstein field equations:

R, — %ng =0.

Claim. The variation of the Ricci tensor is a total derivative:
R, = V,,(SFZV — VV(SFZP,

with
5T, = 1go7 (vuagw V0G0 — Vc,5gw).

This confirms that the term /—gg"”dR,, is a total derivative, yielding only a bound-
ary contribution upon integration.

The upshot of these calculations is that
g"oR,, =V, X" with X# = g” 6T, — g""ol') .
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Then, the variation of the action ([19) can be expressed as
08 = / d*z \/—g[(RW — 3Rg,) 09" + VMX“].
M

The final term is a total derivative and, by the divergence theorem (see Section 3.2.4),
can be ignored when dg" = 0 on the boundary. Hence, the Euler-Lagrange equations
are

R,uu - %Rguu = 07

with G, = R, — %ng, the Einstein tensor. These are the Einstein field equations in
vacuum.
Taking the trace of this expression gives R = 0, implying that the vacuum equations
reduce to
R/,LI/ = 07

i.e., the metric is Ricci—flat.

An Aside on Dimensional Analysis

In units where ¢ = I = 1, the metric g,, is dimensionless, and the Ricci scalar R has
units of [length™?]. The Einstein-Hilbert action

S:/d4x\/—_gR

is then of order [lengthz]. To match the units of a physical action, one introduces Newton’s

constant G, yielding
1
=—— [ d'z\/—gR
167G TV

with G having units [length?]. In this form, the total action is dimensionless.

S

The Cosmological Constant

One can generalize the Einstein—Hilbert action by adding a constant term:

S = %/d‘lx\/—_‘q(b’u—%\),
where A is the cosmological constant. The resulting field equations are
G +Agy =87G T, ,
with Ag,, acting like a vacuum energy density.

Higher—Derivative Terms

The Einstein—Hilbert action contains terms with at most second derivatives of the metric.
In more general theories of gravity, one can consider higher—order corrections, such as

£high—deriv. =Vv—yg [R + aR? + BR,U,I/RMV + ...

These lead to fourth—order field equations and arise in effective theories of gravity and
quantum corrections.
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Diffeomorphisms Revisited

The action of General Relativity is diffeomorphism invariant: for any smooth coordinate
map x* — z'#(x), the form of the action and the field equations remain unchanged. This
is the formal statement that General Relativity is a covariant theory, making the metric
a truly geometric, coordinate—independent object.

The Einstein Equations with Matter

So far, we have considered the dynamics of the metric g,, in the absence of matter,
yielding the vacuum Einstein equations:

G =R, — %ng, =0.

To describe how matter influences the geometry of spacetime, we add a matter action

Smatter[gaw7Aa . ] = /d4I V _gﬁmatter<gawaA7' . ')7

where 1, A, ... denote generic matter fields (scalars, spinors, gauge fields, etc.).
Varying the matter action with respect to the metric defines the energy—-momentum

tensor:

T —_ 2 (Ssmatter
WS T =g ege

Combining the matter and gravity variations, the total action

Stot = ﬁ / d'z V—=9R + Smatter
yields the Finstein field equations with matter:
G =8rGT,, .
These are the fundamental equations of general relativity, capturing the interplay
between matter, energy, and the geometry of spacetime.
Examples of the Energy—Momentum Tensor

The energy-momentum tensor 7}, encodes the density and flux of energy and momentum
for any matter present. Its form depends on the matter fields in question:

e Scalar Field: For a scalar field ¢,
T = Vb Vb = gun |39V ,6 Voo + V (0)].
e Electromagnetic Field: For the Maxwell field F),,,
T, =L <FM,FVP _ }lg#,,FpUFp”).

e Perfect Fluid: For a fluid with rest—frame energy density p, pressure p, and
four—velocity u*,
TMV = (p +p)uuuu +pguy-

More generally, one can consider any matter content as arising from a suitable matter
action yielding an associated T,,.
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The Slippery Business of Energy Conservation

In general relativity, energy conservation is a more nuanced concept than in Newtonian
mechanics. In special relativity, we have

9,T" =0,

expressing the local conservation of energy and momentum. However, in curved spacetime
this generalizes to
p _
vV, =0,

which captures the fact that matter and energy evolve covariantly with the geometry of
spacetime.
This covariant conservation law is built into the Einstein field equations via the
Bianchi identities:
vV.G" =0=V,T" =0.

Yet, this is not a global conservation statement: in a curved, dynamic spacetime, one gen-
erally cannot define a global, coordinate-independent total energy for the gravitational
field itself. The energy of matter is well-defined at each point via T"”, but the energy
of gravity is intrinsically tied to the geometry and does not have a localized, tensorial
description.

This is one of the profound conceptual shifts introduced by general relativity — energy
and momentum are still conserved, but only in the covariant, local sense. Globally, in
an expanding universe or highly dynamical spacetime, the traditional notions of energy
conservation must be treated with care.

6 The Schwarzschild Solution

The simplest and most important solution of the vacuum Einstein equations,
R, =0,

is the Schwarzschild solution. It describes the spacetime geometry surrounding a static,
spherically symmetric, uncharged massive object.
Assuming spherical symmetry and staticity, one can write the metric ansatz as

ds? = =M a2 + 22O dr? 1 r2(dh? + sin? 6 dp?) .
In vacuum (R, = 0), one finds

20(r) _ 6—2A(7’) —1— 2GM
r

(&

and the Schwarzschild metric becomes

-1
ds® = _<1 — 2GTM>dt2 + (1 — 2GTM> dr? + r?(d6* + sin® 0 dp?) .

Interpretation

Here, M is the mass of the central object. The surface r = 2G M is called the Schwarzschild
event horizon. It marks the point of no return for any infalling matter or light. As r — oo,
the metric approaches the flat spacetime of special relativity, making M the total (ADM)
mass of the spacetime.
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Physical Significance

The Schwarzschild solution was the first exact solution of the Einstein field equations and
is a cornerstone of general relativity. It describes:

e The spacetime around stars and planets (for r > 2GM).
e The geometry of black holes (r < 2GM).
e The bending of light and the precession of planetary orbits.

With this solution, we gain the foundation for understanding black holes, gravitational
lensing, and relativistic orbits — making it one of the central results of general relativity.

Komar Mass of the Schwarzschild Black Hole

The Schwarzschild metric,
—1
ds? = — (1= 220 )i 4 (1= 2620) "y 4 12 (d6? + sin? 0 i)

reduces for large r to the Newtonian potential ®(r) = —GTM, confirming its interpretation
as the gravitational field of a point mass M at the origin.

We can compute the total mass M of the Schwarzschild spacetime using the Komar
integral. This approach exploits the timelike Killing vector K = 0;, with its associated
one—form

K, da" = goodt = —(1 _ 2G—M)cbt.

T

From this, we construct the two—form

F=dK = —25Mqr A dt,

r2

which has precisely the 1/r? behavior reminiscent of an electric field. According to the
Komar construction, the total mass enclosed within any sphere S? of radius r > 2GM is

1
MKomar = T %C *xdK .
S2

Evaluating the integral gives
MKomar = M7

and this result is independent of the sphere’s radius, just as the total charge in Maxwell
theory is independent of the surface used for its measurement.

Interestingly, this formalism mimics Maxwell’s theory, yielding an effective “charge”
Myomar- Since d x F' = 0 is satisfied in vacuum, one might expect Mkomar = 0. However,
the “charge” is sourced by the singularity at » = 0, making the Schwarzschild solution
akin to a point charge located at the origin.

Although the metric is a valid solution of the Einstein equations for any M, only
M > 0 gives a physically sensible spacetime. The M = 0 case is just flat Minkowski
space, and the M < 0 solution contains a naked singularity with pathologies that make
it physically unacceptable.
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Birkhoff’s Theorem

An important result in General Relativity is Birkhoff’s Theorem. It states that any
spherically symmetric solution of the vacuum Einstein equations,

R,uu:Oa

must be static and asymptotically flat, and is therefore uniquely described by the Schwarzschild
metric.
More generally:

e Even if the matter distribution is spherically symmetric but dynamical (such as a
pulsating star), the exterior spacetime remains Schwarzschild.

e In other words, a spherically symmetric vacuum solution has no monopole gravita-
tional radiation. This means that changes within the spherically symmetric matter
do not affect the exterior metric, as long as the matter remains spherically sym-
metric.

Birkhoff’s Theorem guarantees that Schwarzschild is the unique vacuum solution for
any spherically symmetric configuration, making it a cornerstone for understanding black
holes and their dynamics.

Coordinate Singularity vs. True Singularity

The Schwarzschild metric appears to “go bad” at two special radii:
r=2GM and r=20.

At r = 2G M, the metric component g; — 0 and g, — co. However, this is merely a
coordinate singularity: it can be removed by choosing a different coordinate chart (e.g.,
Kruskal-Szekeres coordinates). In this sense, r = 2GM is a regular surface — the event
horizon of the black hole.

In contrast, at » = 0, curvature invariants such as the Kretschmann scalar

R, pe RMP7 — 00

diverge, indicating a genuine physical singularity. Here the theory of general relativity
itself breaks down. To make sense of physics in this regime, one must ultimately turn to
a quantum theory of spacetime.

The Near Horizon Limit: Rindler Space

Near the Schwarzschild horizon r = 2G M, the geometry of spacetime simplifies dramat-
ically. Let us set
r=2GM +p,

with p < 2GM. The Schwarzschild metric then becomes

-1
ds? = — (1= 2 )i + (1= 2500 dr® + (2GM + p)*(d6° + sin® 0 dig?),

To leading order in p,
ds® ~ — 5= dt* + 2GTMdp2 + (2GM)?(d6* + sin® 0 dip?).
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Introduce the proper radial coordinate

x =2vGMp,

such that ,
ds® ~ — 2 dt® + dx* + (2GM)*(d6? + sin® 0 dip?).

The t — x part of the metric is precisely the Rindler metric,
dslaxindler = _"12X2dt2 + dX2 )

with surface gravity
1

k=16 -

This shows that near the horizon, the Schwarzschild black hole is well-approximated by
a patch of Rindler spacetime, capturing the physics of a uniformly accelerated observer.
In this regime, many results, including the Unruh effect and the thermal nature of black
hole horizons, find a natural and geometrically elegant description.

7 Simulation of Schwarzschild Orbits

To complement the theoretical discussion of general relativity, we developed simulations of
particle and photon orbits around a Schwarzschild black hole. These simulations visualize
how the curvature of spacetime governs the geodesic motion of objects.

2D Orbital Dynamics in Schwarzschild Geometry

To simulate particle orbits around a Schwarzschild black hole in two dimensions, we begin
by analyzing the effective potential and deriving the corresponding orbital equations.

Effective Potential

The radial motion of a test particle in Schwarzschild spacetime can be described by the

conservation of energy:
d 2
(_T) + Ven(r) = B2
dr

where F is the conserved specific energy of the particle, and Vig(r) is the effective poten-

tial, given by:
2M L?
%H(T) = (1 — 7) (6 + 7"_2)

Here, M is the mass of the black hole, L is the conserved angular momentum, and € = 1
for a massive particle and € = 0 for a photon.

Derivative of the Effective Potential

To find the radial acceleration, we differentiate the effective potential with respect to r:
dVeg  2M L? MY\ 2L?
—_— € + P — 1 . [
dr r2 r2 r r3
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Conversion to Angular Equation

To express the motion in terms of the angular coordinate ¢, we use conservation of angular

momentum:

gp L, ar L ar
dr — r2 dr r? dqb

() - (7) (&)

Substituting into the energy equation:

(j—;)z = 2—42 (E? — Veg(r))

Differentiating with respect to ¢:

Squaring both sides:

dr  d*r d [r*
d¢ d¢? a do

(B~ Vaa(r)

dr
[47’ %( E* — V) —r?
Canceling g—¢
d?r 1 dVeg |
dr

Vgt dr]
dr do|

In the case of circular orbits or near turning points where £? ~

vanishes:

d?r 1 dVg ot

Radial Velocity

We can also compute the radial velocity from the energy equation:

dr
— =\/E2 -V,
dr Ver(r)

o, the first term

This helps us determine whether the particle is moving inward or outward at a given

point in the orbit.

Significance of the Equation

The final angular equation allows us to numerically integrate the orbital path of a particle
around a Schwarzschild black hole, using the second-order ODE in terms of ¢. This
approach is particularly useful for visualizing precessing orbits and photon trajectories in

a 2D plane.
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Sample Simulation Output

Figure 3: Trajectory of a massive particle orbiting a Schwarzschild black hole.

Parameters Used:

e M =05 (Mass of black hole)
o L =1.8867 (Angular momentum,)
e 1p=>5 (Initial radius)
ec=1 (Massive particle)
e £ =0.9560 (Energy)
e inward = True (Initial direction of radial velocity)

7.1 3D Visualisation Using Manim

To better capture the curvature of spacetime, we also implemented a 3D animated version
of the orbits using the manim engine. This version presents a rotating spatial view of the
orbit, rendered over a Schwarzschild curvature surface for aesthetic clarity.
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7.2 Photon vs Massive Particle Geodesics

Our code includes a toggle to simulate either photons (¢ = 0) or massive particles (e = 1),
affecting the structure of the effective potential:

o (-2)(-2)

The orbits reflect general relativistic effects such as:
e Light bending
e Photon sphere at r = 3M

e Perihelion precession for near-circular orbits (e.g., Mercury)

7.3 Code Repository

All simulation code and instructions are available at: [Google Drive Link]
It contains:

Code and Simulation Files
The following Python files are used for visualizing the Schwarzschild orbits:
e visualisation 2d.py — Matplotlib version for 2D trajectory simulation.
e visualisation_3d.py — Manim 3D scene for animated rendering of orbits.

e Sample rendered videos and figures are also included.

How to Run the Simulations:

e For the 2D version:
python visualisation_2d.py

e For the 3D version using Manim:
manim -pql visualisation_3d.py SchwarzschildOrbit
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